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ABSTRACT
Despite its importance, the monotonicity condition is typically overlooked in stochas-
tic frontier analysis. This article illustrates a straightforward and useful method for
the estimation of semiparametric stochastic frontier models imposing such constraint
and incorporating exogenous inefficiency effects exploiting the scaling property. An
iterative estimation algorithm based on nonlinear least squares is developed and the
behavior of the proposed procedure is investigated through a set of Monte Carlo
experiments comparing its finite sample properties with those of available alterna-
tives. The simulation results highlight very good performance of the new algorithm
which outperforms the competitors in small samples and in presence of small signal-
to-noise ratios. Our results also show that the fraction of observations for which
monotonicity naturally holds is generally quite small if this condition is not im-
posed. An application based on FADN agricultural data illustrates the usefulness of
the proposed algorithm.

KEYWORDS
Efficiency, stochastic frontiers, monotonicity, nonlinear least squares,
heteroskedasticity, simulation

1. Introduction

The Stochastic Frontier (SF) model, introduced by Aigner et al. (1977) and Meeusen
and van den Broeck (1977), represents a very popular tool for efficiency analysis.1 In
its basic formulation, it is based on a parametric representation of production tech-
nology along with a compounded error term in which one component, often assumed
to be normally distributed, deals with the randomness of production while the other,
following a specific one-sided distribution, captures the inefficiency of productive units.
Several methodological improvements of this basic formulation have been proposed in
the last three decades, most of which deal with relaxing the restrictive assumptions
about the frontier functional form and the inefficiency term.2

As for the flexible specification of production technology in a cross-sectional set-
ting, Fan et al. (1996) introduced a two-step pseudo-likelihood procedure in which
the production technology is estimated via kernel regression, while Kumbhakar et al.
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(2007) proposed an alternative nonparametric approach based on the local maximum
likelihood method which has been shown to be robust to arbitrary heteroskedasticity.
However, both these approaches suffer from two drawbacks: i) they do not directly in-
corporate inefficiency determinants in the model, and ii) they do not ensure that the
frontier function is monotonic, i.e. it monotonically increases in all production inputs.
The first is a serious flaw since both frontier parameters and inefficiency estimates
may be adversely affected when inefficiency determinants are neglected. As for the
second, a non-monotone frontier may upset the final ranking of productive units, thus
inhibiting a reasonable interpretation of the unit-specific efficiency scores (Henningsen
and Henning, 2009). Nevertheless, the monotonicity condition is typically overlooked
in stochastic frontier analysis.

In this paper, we propose an iterative algorithm in which the first step takes care of
estimating the production function through any semi- or nonparametric monotonic re-
gression approach, while the second exploits the nonlinear least squares (NLS) method
for estimating the parameters of the compounded error term, including the effect of
inefficiency determinants. These two steps are then iterated until an objective func-
tion is minimized. When the inefficiency determinants and the inputs are correlated,
this iteration allows for reducing the bias characterizing currently available procedures
(Wang and Schmidt, 2002).3

Albeit the proposed framework could exploit any flexible regression approach for
the first step, we consider a Generalized Additive Model (GAM) specification in which
monotonicity constraints are imposed by adopting the penalized B-splines approach,
known as P-splines (Eilers and Marx, 1996; Ferrara and Vidoli, 2017).4 Our approach
is alternative to that of Parmeter et al. (2017) in which the production technology is
parametrically specified and all the distributional assumptions on the error term are
relaxed; see also Tran and Tsionas (2009) for an alternative nonparametric specifica-
tion of the function describing the mean of technical inefficiency.

It is worth emphasizing that the standard “one-step” NLS (Kumbhakar and Lovell,
2000) or maximum likelihood (ML) approaches do not allow for a semiparamet-
ric/nonparametric monotonic specification of the production technology. Indeed, im-
posing the monotonicity constraint while allowing for inefficiency effects generally
requires multiple steps or iterative schemes. To the best of our knowledge the Hen-
ningsen and Henning (2009) procedure is the only three-step approach for estimating
a monotonic and parametric production function in presence of contextual variables.5

We carry out a Monte Carlo simulation analysis comparing the performance of
our algorithm with those of one-step ML, one-step NLS and Henningsen and Henning
(2009) three-step ML-based procedure assuming a translog specification. To our knowl-
edge this is the first study providing evidence on the finite sample performances of
one-step NLS and Henningsen and Henning (2009) procedure. Our simulation results
show that, for small samples and in presence of small signal-to-noise ratios, the pro-
posed algorithm outperforms standard one-step NLS and ML approaches; moreover,
we find that not enforcing the monotonicity condition may lead to a non negligible

3Notice that, as pointed out by Wang and Schmidt (2002), even if the inefficiency determinants and the inputs

are uncorrelated, when the former are omitted from the model the estimated inefficiencies are underdispersed
causing the second-step estimate of the inefficiency effects to be downward biased.
4For a detailed description of the P-spline approach to ensure monotonicity see Bollaerts et al. (2006) and
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and Huang (2001).
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bias, especially in the estimation of the inefficiency effects. Given that the fraction of
observations for which the monotonicity condition naturally holds is generally small,
more attention should be devoted to enforcing ex ante or checking ex post this con-
dition (Sauer et al., 2019). We apply the proposed iterative algorithm to deal with
model specification issues using FADN agricultural data.

The plan of the paper is as follows. Section 2 provides the details of the proposed
estimation algorithm. To investigate its finite sample properties, Section 3 provides
the results of a Monte Carlo analysis, followed by an empirical application in Section
4; finally, Section 5 concludes.

2. Methods

In a cross-sectional setting, the conventional stochastic frontier model of Aigner et al.
(1977) and Meeusen and van den Broeck (1977) can be written as

yi = f(xi;β) + vi − ui, i = 1, . . . , n, (1)

where yi is the observed single output of unit i, xi is the corresponding vector of inputs,
f(·) denotes a production (frontier) relationship between the output and the inputs,
β is the unknown vector used to parametrize f(·), vi is a symmetric idiosyncratic
error and ui > 0 is a one-sided error term representing technical inefficiency6. This
model is commonly estimated by ML methods assuming that vi and ui are i.i.d. with
vi ∼ N(0, σ2

v) and ui ∼ N+(0, σ2
u).

The presence of inefficiency determinants, such as firm size or managerial skills, is
handled by relaxing the constant variance assumption on the the inefficiency term.
In particular, σ2

u is specified as a function of some explanatory variables potentially
associated with technical inefficiency; different specifications have been considered
in literature, see for instance Kumbhakar et al. (1991), Reifschneider and Stevenson
(1991) and Huang and Liu (1994).
Here, we assume that the inefficiency term depends on a set of exogenous covariates
via the so called “scale” transformation (Wang and Schmidt, 2002) of some underlying
process ηi, such as

ui = exp(ziγ)ηi, (2)

where zi is a vector of contextual variables, γ the vector of unknown coefficients and
ηi an i.i.d. random variable that does not depend on zi with ηi ≥ 0, E(ηi) = 1 and
finite variance (Kumbhakar and Lovell, 2000). A single element of γ is positive (nega-
tive) when the corresponding element of z has a negative (positive) effect on technical
efficiency. This formulation has the computational advantage of automatically con-
straining σui to be positive and to directly nest the homoskedastic case. Moreover,
changes in zi change the scale but not the shape of the distribution of ui (Alvarez et
al., 2006). From a computational point of view, the main property of this formulation is
that the parameters (β,γ) can be estimated by NLS without relying on distributional

6A cost frontier model can be obtained by changing the sign of the inefficiency component.

3



assumptions. Indeed, by substituting equation (2) into (1) leads to

yi = f(xi;β) + vi − exp(ziγ)ηi, (3)

= f(xi;β)− exp(ziγ) + εi,

where εi = yi − E(yi) = vi − exp(ziγ)(ηi − 1) and the εi’s are independent but
not identically distributed and E(εi) = 0 Kumbhakar and Lovell (see 2000, for more
details).7

The parameters in (3) are then estimated by minimizing the following criterion

(β̂, γ̂) = min

n∑
i=1

[(yi − f(xi;β) + exp(ziγ)]2 , (4)

where f(xi;β) is usually assumed to be a known parametric function (e.g. translog or
Cobb-Douglas). Our aim with this paper is to allow for any frontier specification, i.e.
f(xi;β) = f(xi), under monotonicity and incorporating inefficiency effects. To this
aim, we propose to minimize (4) by exploiting the following algorithm:

1) set an initial guess for f(xi);

2) given the current value of f̂(xi), estimate γ by NLS;
3) given the current value of γ̂, fit a regression model to obtain an updated estimate

of f̂(xi);
4) repeat steps 2) and 3) until some convergence criterion is met.

The key advantage of this iterative nonlinear least squares (INLS) procedure is that
it permits a more flexible specification of the production function f(xi). Indeed, any
semi- or nonparametric regression approach that satisfy monotonicity can be used in
step 3), even when the monotonicity constraints require multiple steps or iterative
schemes to be imposed. Notice that, in step 2), assuming f(xi) as known corresponds

to consider the “working” partial residual given by y − f̂(xi) as response variable.
Further, while the NLS is less efficient than the ML estimator, it allows to construct
such an iterative scheme, thus reducing the bias of γ in presence of correlation between
xi and zi. The above algorithm can be actually applied to any NLS problem when a
constrained semi/nonparametric specification for f(·) is required.

By restricting f(·) in equation (4) to be fully parametric can be too restrictive, even
inappropriate, and may lead to biased estimates and misleading conclusions about the
link between inputs and output. Giannakas et al. (2003) pointed out that technical
efficiency measures are very sensitive to the choice of functional specification and that
the identification of the most appropriate functional form among a set of parametric
alternatives might not always be feasible. A more flexible nonparametric alternative
that is referred to as the Generalized Additive Model takes the form

E[Y |x] = ψ(x) = s1(x1) + . . .+ sp(Xp), (5)

7Model (3) can also be viewed as a partially nonlinear model, see for instance Hardle et al. (2000) and Carroll

et al. (1997) for partial and generalized partial linear models, respectively, and Henderson and Parmeter (2015)
for a full review. As in Tran and Tsionas (2009) and Parmeter et al. (2017), a drawback of model (3) is that
the model intercept cannot be separately identified from the conditional mean of the inefficiency component.

Nevertheless, Zhou et al. (2020) pointed out that this is not a relevant empirical issue for three reasons:
i) practitioners are typically interested to the input elasticities, which do not require the identification of the

intercept; ii) we can still compare productive units efficiency even if we cannot directly interpret the inefficiency

level of each unit; iii) we are still able to estimate the marginal effects of z on E(u|z).
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where each sj(·) is a smooth function of the xj variable estimated from the data (Hastie
and Tibshirani, 1990), standardized so that E(sj(xj)) = 0.
By allowing nonlinear dependence between output and inputs, the GAM specification
may improve the overall fit compared to a fully parametric specification. The model
remains fairly straightforward to interpret: the partial response function describes how
the prediction of the outcome changes with observables. Further, the gradients of the
nonparametric model can be interpreted as partial output elasticities and their sum
as elasticity of scale (Henningsen and Kumbhakar, 2009).

If we also assume that ηi ∼ N+(0, σ2), it follows that ui ∼ N+(0, σ2
ui) with σui =√

(π/2) exp(ziγ) and the variance of the noise component v given by

σ2
v = n−1

n∑
i=1

(
ε2
i − exp(2ziγ)(π/2− 1)

)
. (6)

By denoting λi = σui/σv and σ2
i = σ2

ui + σ2
v , estimates of unit specific inefficiency

scores can be obtained through the Jondrow et al. (1982) estimator

E[ui|εi] =
σiλ

2
i

1 + λ2
i

[ φ(ωi)

1− Φ(ωi)
− ωi

]
, ωi = λi

yi − f(xi;β)

σi
, (7)

where φ(·) and Φ(·) denote the standard normal density and cumulative distribution
functions, respectively. Efficiency measure can then be obtained from exp(−E[ui|εi]).

The Monte Carlo analysis and the empirical application presented in the following
sections have been carried out using the R Environment R Core Team (2020).8

3. Monte Carlo evidence

In this Section we study the behaviour of the proposed INLS algorithm and com-
pare its finite sample performance with those of one-step ML, one-step NLS and the
Henningsen and Henning (2009) procedure. Among these competitors, only the latter
allows to impose monotonicity constraints.9

We investigate the effect of different sample sizes (n = 100, 500, 1000), different
signal-to-noise ratios (λ̄ = 1, 2) and different degree of correlation between exoge-
nous determinants of inefficiency and the inputs (φ = 0.3, 0.9). We consider two data
generating processes (DGPs). The first (DGP1) is represented by the following het-
eroskedastic SF model in which the frontier function is linear

yi = 3 + 2xi + vi − ui, i = 1, . . . , n, (8)

vi ∼ N (0, σ2
v), (9)

ηi = N+(0, π/2), (10)

ui ∼ ηi exp(γzi), (11)

where we set γ = 0.5 and different (average) signal-to-noise ratios (λ̄ = σ̄u

σv
= 1, 2)

are obtained by setting σ2
v = (0.396, 1.587). Different degrees of correlation between

8For a recent review of SF analysis using R see Ferrara (2020).
9Henningsen and Henning (2009) procedure is based on the following three steps: i) the estimation of the

unconstrained SF model; ii) the estimation of the constrained parameters by minimum distance; iii) estimation
of inefficiency effects and scores.
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the input xi and the inefficiency factor zi are obtained by exploiting the Cholesky
factorization of the correlation matrix C = φI2 = L′L with φ representing the
correlation coefficient between xi and zi and I2 a 2 × 2 identity matrix. First, two
i.i.d. random variables have been drawn from the standard normal distribution, si =
(si1, si2), i = 1, . . . , n; then the correlated variables are obtained as S̃ = SL. Finally,
xi = Φ(s̃i1) + 1 while zi = s̃i2.

As for the second DGP (DGP2), we consider the following heteroskedastic SF model
in which the frontier function is highly nonlinear

yi = 1 + 0.7
√
xi1 + xi2 +

sin(2πxi2)

(2π)
+

1

1 + exp(5− 10xi3)
+ vi − ui, (12)

vi ∼ N (0, σ2
v), (13)

ηi = N+(0, π/2), (14)

ui ∼ ηi exp(ziγ) i = 1, . . . , n. (15)

As for the first DGP, different (average) signal-to-noise ratios λ̄ = 1, 2 are obtained
by setting σ2

v , different degrees of correlation between the input xi1 and the inefficiency
factor zi are obtained by exploiting the Cholesky factorization, while xi2 ∼ U(3)
and xi3 ∼ U(4) are uncorrelated with zi. For this second DGP, a translog functional
form is assumed when the estimation is performed via one-step ML, one-step NLS
and the three-step procedure of Henningsen and Henning (2009, ML-MONO). It is
worth noting that the monotonicity condition is not naturally fulfilled by the translog
technology when estimation is performed via one-step ML or NLS.

Simulation results are summarized by reporting the average bias and Mean Squared
Error (MSE) of the estimates over replications, together with the linear (ru,û) and the
Spearman rank (su,û) correlation coefficients between the (true) simulated inefficiencies
and the estimated ones. The estimated inefficiency’s bias and MSE are also reported
and are computed for each replication over the n observations, and then these quan-
tities are averaged over replications, e.g., MSE(ûi)= R−1

∑R
r=1(n)−1

∑n
i=1(E(ui|ε̂i)−

u0
i )

2, where E(ui|ε̂i) is the JLMS estimate and u0
i is the simulated (true) inefficiency

for unit i. For the second DGP, we also report, for the one-step ML and NLS ap-
proaches, the average proportion of units P (m) for which the monotonicity condition
is fulfilled; by indicating the elasticity of y with respect to xik (k = 1, 2, 3) with ey,xik

,

P (m) = R−1
∑R

r=1(n)−1
∑n

i=1 1 [ey,xi1
≥ 0 & ey,xi2

≥ 0 & ey,xi3
≥ 0], where 1 [·] is the

indicator function.10 Finally, we use for each experiment R = 1000 replications.
Simulation results are reported in Tables from 1 to 2 for DGP1 and from 3 to 4 for

DGP2, for the two levels of correlation φ = 0.3, 0.9, respectively.
Overall, the proposed algorithm shows very good performances: an increase in the

cross-sectional dimension produces significant reductions in both bias and MSE of both
the parameters of interest, γ and σv. Even for large value of φ, both parameters are
accurately estimated by the proposed algorithm regardless of the signal-to-noise ratio.
Interestingly, we find that, in presence of very small samples and small signal-to-noise
ratios (λ̄ = 1), the INLS algorithm always outperforms the one-step competitors (NLS
and ML) and is in line with three-step procedure (ML-MONO).

As far as DGP1 is concerned, the bias of γ is almost the same compared to NLS
and ML, even though, as expected, ML provides a more efficient estimation. As for
σv, NLS and INLS show very similar performances. In particular, the bias appears to

10The monotonicity condition is automatically fulfilled for INLS thanks to the adoption of the P-splines method.
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be higher than ML, even thought it is numerically negligible when n > 100, ranging
from 2 to 3.5 percent when λ̄ = 1 and from 1.5 to 2 percent when λ̄ = 2. The
speed of convergence to the true values of the INLS algorithm appears to be lower
when φ = 0.9. This last result may be due to the unfairness of DGP1 for INLS.
Interestingly, when the true production function is nonlinear (DGP2), INLS appears
to be superior in the estimation of both γ and σv compared to the standard NLS
regardless of λ̄ and φ. In this case, ML and the proposed algorithm show comparable
performances in the estimation of γ even with φ = 0.9 while, as before, ML provides
better results for the σv parameter; we find a similar evidence when comparing our
algorithm with ML-MONO. It is worth emphasizing that, overall, the monotonicity
condition is not fulfilled by the translog technology when the latter is not constrained as
in ML-MONO. The fraction of observations for which this condition holds is generally
quite small, ranging from 25-30 percent when n = 100 to 40-45 percent when n = 1000.
We also find that this fraction is slightly higher when estimation is performed by ML.
Furthermore, our simulations suggest that ignoring the monotonicity requirement may
lead to a non negligible bias, especially in small sample and for the estimation of
the inefficiency effects. This evidence confirms the Henningsen and Henning (2009)
“empirical” argument that “... non-monotone production frontier inhibits not only a
reasonable interpretation of the individual (relative) efficiency estimates, but also the
analysis of factors that might affect technical (in)efficiency”.

As expected we find that the inefficiencies are inconsistently estimated regardless of
the approach. Nevertheless, we find that the proposed algorithm generally outperforms
its competitors, especially in small samples. Consistently with previous literature, the
performance of the JLMS estimator are driven by the signal-to-noise ratio, showing
smaller bias when λ̄ = 2.
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Table 1. Simulation results for INLS, NLS and ML when φ = 0.3 (DGP1).

λ̄ = 1

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0118 0.0223 -0.0131 0.0224 -0.0194 0.0155
σv -0.0981 0.0499 -0.0833 0.0457 -0.0225 0.0155
ŷ -0.0036 0.0627 -0.0030 0.0514 0.0025 0.0456

E(u|ε) -0.1294 0.5191 -0.1317 0.5183 -0.1453 0.5056
ruû 0.7805 0.7814 0.7822
suû 0.6197 0.6203 0.6205
β0 -0.0161 0.7327 0.0076 0.6241
β1 0.0128 0.3360 -0.0067 0.2811

λ̄ = 2

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0360 0.0147 -0.0362 0.0147 -0.0189 0.0102
σv -0.0683 0.0422 -0.0528 0.0386 -0.0149 0.0081
ŷ 0.0090 0.0299 0.0091 0.0238 0.0013 0.0176

E(u|ε) -0.0652 0.2533 -0.0686 0.2508 -0.0774 0.2326
ruû 0.8951 0.8964 0.8991
suû 0.7710 0.7727 0.7755
β0 0.0400 0.3606 0.0229 0.2297
β1 -0.0329 0.1641 -0.0165 0.1030

(a) n = 100

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0001 0.0049 0.0001 0.0049 -0.0033 0.0029
σv -0.0211 0.0069 -0.0188 0.0068 -0.0055 0.0028
ŷ -0.0051 0.0126 -0.0052 0.0100 -0.0023 0.0089

E(u|ε) -0.1422 0.4884 -0.1423 0.4881 -0.1457 0.4866
ruû 0.8017 0.8018 0.8016
suû 0.6266 0.6267 0.6264
β0 -0.0018 0.1435 0.0100 0.1262
β1 0.0046 0.0640 -0.0051 0.0551

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0012 0.0039 -0.0011 0.0039 -0.0028 0.0019
σv -0.0368 0.0157 -0.0342 0.0154 -0.0043 0.0014
ŷ -0.0035 0.0063 -0.0036 0.0048 -0.0020 0.0034

E(u|ε) -0.0674 0.2282 -0.0679 0.2277 -0.0780 0.2223
ruû 0.9110 0.9113 0.9121
suû 0.7823 0.7826 0.7834
β0 -0.0032 0.0711 0.0065 0.0464
β1 0.0045 0.0325 -0.0030 0.0204

(b) n = 500

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ 0.0004 0.0026 0.0005 0.0026 -0.0014 0.0014
σv -0.0148 0.0038 -0.0138 0.0038 -0.0047 0.0016
ŷ -0.0017 0.0068 -0.0018 0.0055 -0.0004 0.0048

E(u|ε) -0.1458 0.4894 -0.1459 0.4892 -0.1478 0.4882
ruû 0.8032 0.8033 0.8032
suû 0.6267 0.6267 0.6265
β0 0.0046 0.0777 0.0075 0.0691
β1 -0.0019 0.0349 -0.0047 0.0300

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ 0.0003 0.0021 0.0004 0.0021 -0.0006 0.0009
σv -0.0241 0.0080 -0.0230 0.0080 -0.0037 0.0008
ŷ -0.0013 0.0036 -0.0013 0.0028 -0.0007 0.0019

E(u|ε) -0.0733 0.2251 -0.0735 0.2249 -0.0795 0.2223
ruû 0.9128 0.9129 0.9133
suû 0.7835 0.7837 0.7838
β0 0.0041 0.0400 0.0026 0.0269
β1 -0.0018 0.0184 -0.0012 0.0116

(c) n = 1000
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Table 2. Simulation results for INLS, NLS and ML when φ = 0.9 (DGP1).

λ̄ = 1

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0433 0.0478 -0.0590 0.0641 -0.0462 0.0290
σv -0.0998 0.0604 -0.0866 0.0528 -0.0217 0.0156
ŷ -0.0011 0.0988 -0.0018 0.1019 0.0085 0.0652

E(u|ε) -0.1281 0.5786 -0.1307 0.5894 -0.1519 0.5307
ruû 0.7613 0.7427 0.7729
suû 0.6060 0.5912 0.6141
β0 0.2102 1.8980 0.1761 1.0173
β1 -0.1388 0.9083 -0.1236 0.4917

λ̄ = 2

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0908 0.0354 -0.0853 0.0360 -0.0302 0.0145
σv -0.0236 0.0390 -0.0248 0.0395 -0.0163 0.0084
ŷ 0.0247 0.0508 0.0213 0.0464 0.0019 0.0249

E(u|ε) -0.0928 0.2912 -0.0893 0.2875 -0.0800 0.2410
ruû 0.8889 0.8880 0.8972
suû 0.7629 0.7630 0.7727
β0 0.3500 0.8353 0.0996 0.3590
β1 -0.2476 0.4087 -0.0680 0.1749

(a) n = 100

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0206 0.0128 -0.0087 0.0104 -0.0060 0.0045
σv -0.0186 0.0104 -0.0223 0.0097 -0.0058 0.0028
ŷ 0.0017 0.0255 -0.0035 0.0197 -0.0016 0.0122

E(u|ε) -0.1472 0.5132 -0.1422 0.5039 -0.1463 0.4910
ruû 0.8013 0.8017 0.8021
suû 0.6256 0.6258 0.6258
β0 0.0292 0.3344 0.0259 0.1952
β1 -0.0172 0.1651 -0.0163 0.0915

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0225 0.0091 -0.0128 0.0076 -0.0033 0.0026
σv -0.0233 0.0229 -0.0308 0.0216 -0.0047 0.0015
ŷ 0.0050 0.0146 0.0006 0.0109 -0.0019 0.0046

E(u|ε) -0.0766 0.2469 -0.0711 0.2409 -0.0783 0.2237
ruû 0.9101 0.9105 0.9118
suû 0.7822 0.7827 0.7827
β0 0.0522 0.1849 0.0111 0.0678
β1 -0.0352 0.0945 -0.0062 0.0325

(b) n = 500

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0116 0.0070 -0.0018 0.0054 -0.0030 0.0020
σv -0.0129 0.0064 -0.0165 0.0055 -0.0043 0.0016
ŷ 0.0019 0.0162 -0.0026 0.0116 -0.0002 0.0062

E(u|ε) -0.1486 0.5051 -0.1445 0.4973 -0.1482 0.4906
ruû 0.8036 0.8038 0.8038
suû 0.6267 0.6265 0.6262
β0 0.0045 0.1913 0.0177 0.0977
β1 -0.0013 0.0970 -0.0117 0.0458

INLS NLS ML
Bias MSE Bias MSE Bias MSE

γ -0.0119 0.0050 -0.0039 0.0040 -0.0015 0.0012
σv -0.0197 0.0151 -0.0261 0.0129 -0.0038 0.0008
ŷ 0.0034 0.0095 -0.0005 0.0066 -0.0006 0.0023

E(u|ε) -0.0773 0.2377 -0.0727 0.2323 -0.0799 0.2228
ruû 0.9123 0.9127 0.9133
suû 0.7834 0.7837 0.7835
β0 0.0175 0.1092 0.0084 0.0337
β1 -0.0113 0.0568 -0.0052 0.0159

(c) n = 1000

4. Empirical application

To deal with the model specification issue, researchers usually do specification searches
by comparing different models. With this in mind, we exploit an empirical application
to show the usefulness of the proposed algorithm for model selection purposes.

We consider the estimation of model (1) where f(xi;β) is specified by: i) non-
parametric kernel without monotonicity constraints [NPK], ii) GAM with monotonic
P-splines [PSM], iii) parametric translog with monotonicity constraint [PTM]. For i)
and ii) we exploit the proposed INLS algorithm while iii) is estimated via the Hen-
ningsen and Henning (2009) procedure.
Albeit we can virtually exploit any existing nonparametric regression technique as the
first step of our INLS procedure, we adopt here the nonparametric kernel approach
without constraints to evaluate if monotonicity is “naturally” satisfied at all data
points.11 In all the cases, we assume a heteroskedastic inefficiency, i.e. ui ∼ N+(0, σ2

ui),
exploiting the scaling property as in equation (3). Finally, inputs and output are spec-
ified in logs allowing us to interpret the first derivatives of the conditional mean with
respect to the inputs as output elasticities and to test for monotonicity across models.

The Farm Accountancy Data Network (FADN) is an annual survey carried out by

11We use a local-linear kernel regressor with an Epanechnikov kernel for the (continuous) regressors as described
in Hayfield and Racine (2008) with bandwidth specification using the method of Racine and Li (2004).
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Table 3. Simulation results for INLS, NLS, ML and ML-MONO when φ = 0.3 (DGP2).

λ̄ = 1

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0035 0.0202 -0.0147 0.0223 -0.0262 0.0164 -0.0143 0.0145
σv -0.1155 0.0525 -0.1687 0.0699 -0.0990 0.0255 -0.0531 0.0178
ŷ -0.0153 0.0968 -0.0105 0.2671 -0.0028 0.2460 -0.0087 0.1105

E(u|ε) -0.1233 0.5147 -0.1234 0.5424 -0.1407 0.5254 -0.1383 0.5043
ruû 0.7806 0.7672 0.7699 0.7805
suû 0.6162 0.6038 0.6061 0.6157
P (m) 0.2560 0.2569

λ̄ = 2

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0425 0.0143 -0.0503 0.0158 -0.0271 0.0111 -0.0190 0.0102
σv -0.0515 0.0323 -0.1059 0.0452 -0.0667 0.0129 -0.0311 0.0083
ŷ 0.0063 0.0526 0.0098 0.1416 -0.0026 0.1052 -0.0056 0.0543

E(u|ε) -0.0671 0.2564 -0.0592 0.2927 -0.0669 0.2611 -0.0692 0.2415
ruû 0.8914 0.8742 0.8834 0.8932
suû 0.7651 0.7409 0.7523 0.7662
P (m) 0.2809 0.2973

(a) n = 100

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0026 0.0043 -0.0047 0.0044 -0.0056 0.0027 -0.0029 0.0026
σv -0.0233 0.0081 -0.0301 0.0084 -0.0169 0.0031 -0.0100 0.0029
ŷ -0.0044 0.0277 -0.0032 0.0610 -0.0020 0.0556 -0.0036 0.0338

E(u|ε) -0.1422 0.4926 -0.1431 0.4972 -0.1454 0.4932 -0.1443 0.4904
ruû 0.7991 0.7972 0.7973 0.7985
suû 0.6245 0.6229 0.6229 0.6237
P (m) 0.3429 0.3481

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0039 0.0033 -0.0049 0.0034 -0.0039 0.0017 -0.0025 0.0017
σv -0.0354 0.0158 -0.0399 0.0164 -0.0093 0.0016 -0.0041 0.0016
ŷ -0.0023 0.0185 -0.0018 0.0370 -0.0021 0.0280 -0.0029 0.0204

E(u|ε) -0.0681 0.2335 -0.0676 0.2401 -0.0772 0.2310 -0.0772 0.2285
ruû 0.9086 0.9058 0.9079 0.9090
suû 0.7781 0.7736 0.7765 0.7782
P (m) 0.3794 0.4005

(b) n = 500

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0016 0.0025 -0.0024 0.0025 -0.0013 0.0015 0.0003 0.0014
σv -0.0097 0.0034 -0.0113 0.0034 -0.0060 0.0016 -0.0029 0.0016
ŷ -0.0008 0.0186 -0.0004 0.0364 -0.0004 0.0333 -0.0014 0.0230

E(u|ε) -0.1458 0.4895 -0.1463 0.4920 -0.1467 0.4897 -0.1459 0.4882
ruû 0.8022 0.8012 0.8013 0.8018
suû 0.6260 0.6250 0.6250 0.6254
P (m) 0.3769 0.3887

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0016 0.0020 -0.0020 0.0020 -0.0007 0.0010 0.0000 0.0010
σv -0.0171 0.0070 -0.0151 0.0068 0.0008 0.0008 0.0030 0.0008
ŷ -0.0008 0.0127 -0.0005 0.0242 -0.0005 0.0194 -0.0010 0.0158

E(u|ε) -0.0746 0.2283 -0.0751 0.2324 -0.0799 0.2284 -0.0797 0.2273
ruû 0.9112 0.9095 0.9103 0.9108
suû 0.7811 0.7781 0.7793 0.7801
P (m) 0.4093 0.4394

(c) n = 1000

Table 4. Simulation results for INLS, NLS, ML and ML-MONO when φ = 0.9 (DGP2).

λ̄ = 1

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ 0.0082 0.0267 -0.0626 0.0674 -0.0591 0.0317 -0.0044 0.0175
σv -0.1276 0.0619 -0.1814 0.0908 -0.0940 0.0252 -0.0509 0.0180
ŷ -0.0243 0.1123 -0.0098 0.3430 0.0065 0.2809 -0.0160 0.1154

E(u|ε) -0.1063 0.5381 -0.1169 0.6517 -0.1504 0.5657 -0.1300 0.5084
ruû 0.7784 0.7233 0.7547 0.7794
suû 0.6157 0.5725 0.5962 0.6145
P (m) 0.2386 0.2381

λ̄ = 2

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0596 0.0182 -0.1276 0.0466 -0.0403 0.0170 -0.0083 0.0118
σv -0.0308 0.0368 -0.0508 0.0421 -0.0681 0.0137 -0.0323 0.0091
ŷ 0.0141 0.0524 0.0348 0.1886 0.0012 0.1192 -0.0121 0.0564

E(u|ε) -0.0822 0.2717 -0.1021 0.3649 -0.0760 0.2792 -0.0674 0.2455
ruû 0.8914 0.8577 0.8778 0.8927
suû 0.7670 0.7263 0.7492 0.7667
P (m) 0.2237 0.2794

(a) n = 100

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0008 0.0073 -0.0174 0.0126 -0.0127 0.0045 0.0000 0.0035
σv -0.0333 0.0119 -0.0371 0.0142 -0.0159 0.0031 -0.0103 0.0029
ŷ -0.0078 0.0342 -0.0018 0.0797 0.0005 0.0608 -0.0064 0.0358

E(u|ε) -0.1359 0.5003 -0.1427 0.5234 -0.1482 0.5009 -0.1414 0.4919
ruû 0.7981 0.7950 0.7963 0.7976
suû 0.6247 0.6226 0.6232 0.6235
P (m) 0.3169 0.3322

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0134 0.0052 -0.0252 0.0084 -0.0089 0.0023 -0.0028 0.0020
σv -0.0314 0.0184 -0.0320 0.0234 -0.0078 0.0016 -0.0027 0.0016
ŷ 0.0001 0.0217 0.0049 0.0479 -0.0011 0.0304 -0.0045 0.0214

E(u|ε) -0.0701 0.2407 -0.0746 0.2598 -0.0791 0.2338 -0.0762 0.2297
ruû 0.9074 0.9034 0.9065 0.9078
suû 0.7787 0.7731 0.7760 0.7775
P (m) 0.3355 0.3899

(b) n = 500

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ 0.0035 0.0049 -0.0039 0.0071 -0.0035 0.0023 0.0034 0.0020
σv -0.0193 0.0061 -0.0194 0.0067 -0.0057 0.0017 -0.0032 0.0017
ŷ -0.0053 0.0243 -0.0025 0.0477 0.0002 0.0363 -0.0036 0.0243

E(u|ε) -0.1395 0.4955 -0.1430 0.5066 -0.1474 0.4939 -0.1436 0.4893
ruû 0.8025 0.8011 0.8016 0.8022
suû 0.6262 0.6252 0.6252 0.6253
P (m) 0.3484 0.3728

INLS NLS ML ML-MONO
Bias MSE Bias MSE Bias MSE Bias MSE

γ -0.0019 0.0039 -0.0066 0.0053 -0.0027 0.0014 0.0004 0.0013
σv -0.0279 0.0137 -0.0263 0.0164 0.0010 0.0008 0.0033 0.0008
ŷ -0.0020 0.0164 -0.0004 0.0318 -0.0000 0.0207 -0.0019 0.0164

E(u|ε) -0.0694 0.2355 -0.0710 0.2461 -0.0804 0.2298 -0.0788 0.2279
ruû 0.9109 0.9086 0.9103 0.9108
suû 0.7813 0.7778 0.7790 0.7797
P (m) 0.3704 0.4289

(c) n = 1000

10



the Member States of the European Union and can be used to evaluate the income of
agricultural holdings and the impacts of the Common Agricultural Policy. Based on
national surveys, FADN is the only source of micro-economic data that is harmonized,
in other words, the bookkeeping principles are the same in all countries.12

More specifically, we consider a dataset for the Fieldcrops production sector relative to
109 main FADN European regions already analyzed by Ferrara and Vidoli (2017): the
output variable is represented by the total amount of crops and crop products (SE135
code) while Labour (SE010 code), Machinery (SE455 code) and Energy (SE345 code)
are the inputs. Since efficiency can be strongly affected by a wide range of climatic
factors, the average macro-regional temperature and average high temperature are
considered as contextual variables to control for observable territorial heterogeneity
(Battese and Coelli, 1995).13
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Figure 1. Output elasticities estimated under kernel specification (FADN data).

The output elasticities with respect to each input (fixing all other input variables
at their median values), and the relative elasticity of scale, are reported in Figure 1
for NPK, in Figure 2 for PSM and in Figure 3 for PTM, respectively. We find that the
output elesticities obtained via the NPK specification do often violate the monotonicity
condition (≈ 45% of the units) highlighting a potential model misspecification.

Overall we find evidence of variability among units in terms of output elasticities,
especially for machinery. This implies the need of a flexible model (even parametric)
to handle heterogeneous technologies. As expected, Figure 2 and 3 show that both
the P-splines and translog specifications, under the monotonicity constraints, do not
violate regularity conditions.

In Figure 4 we show the estimated partial relationship between each input and
the output when the production technology is estimated by GAMs with monotonic
P-splines. It is worth emphasizing that this graphical tool can be used to investigate

12FADN elementary data aggregated by year, region and typology are available at:
http://ec.europa.eu/agriculture/rica/.
13For more information about the FADN data and the several specific issues relative to the measurement of
inputs and outputs please, see Ferrara and Vidoli (2017).
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Figure 2. Output elasticities estimated using GAMs with monotone P-splines (FADN data).
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Figure 3. Output elasticities estimated using Translog with monotonicity constraint (FADN data).

the underline relationship between the output and each input in the model, i.e. the
form of production technology. Indeed, we find that a nonlinear relationship is required
with respect to labour and machinery while a simpler linear specification seems to be
appropriate and noteworthy for energy.

Finally, we report in Table 5 estimated coefficients related to the average macro-
regional temperature (AT) and the average high temperature (AHT) for the three
different models. All coefficients are statistically significant for all model specifications
but the sign and magnitude of the estimated effects is different. Indeed, the coeffi-
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Figure 4. Estimated production technology by GAMs with monotonic P-splines (FADN data).

Table 5. Contextual variables estimates (FADN data).

PTM NPK PSM

Est SE Est SE Est SE

AT -152.116* 65.488 1.044*** 0.227 1.085*** 0.314

AHT -213.809* 92.255 -0.855*** 0.188 -0.900*** 0.260

Note: Signif. codes: ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1.

cient associated to AT for the parametric translog monotonic specification is negative
in contrast with previous studies (e.g., Ferrara and Vidoli, 2017) suggesting a posi-
tive correlation between efficiency estimates and temperature. Moreover, the translog
specification point towards increasing returns to scale in contrast with NPK and PSM.

The end result of this exercise is that, even thought the flexibility of the translog
functional form is comparable to nonparametric/semiparametric smoothers, inference
about both inefficiency determinants and scale elasticity can be (very) different, poten-
tially leading to misleading conclusions. This evidence emphasizes the usefulness of the
INLS algorithm for evaluating the appropriateness of the functional form specification.
Finally, Figure 5 shows the relationship between firm size and the elasticity of scale
based on the PSM specification. Smaller firms, in general, would gain from increasing
their size. Of special note is that this plot is also revealing possible leverage points, as
indicated by the two units which correspond to the lowest output level but share the
highest value of elasticity of scale.

5. Concluding remarks

We have introduced an iterative algorithm based on nonlinear least squares allowing
for a great deal of flexibility in the specification of a production frontier satisfying
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Figure 5. Firm size vs elasticities of scale estimated by GAMs with monotonicity constraints (FADN data).

monotonicity and incorporating exogenous determinants of inefficiency. Although there
are alternative approaches in the literature, they are rarely applied mainly due to their
computational complexity; the proposed framework can be applied using any statistical
software that allows the estimation of semi- or nonparametric regression and standard
nonlinear least squares.

We investigate the behavior of the proposed procedure through a set of Monte Carlo
experiments comparing its finite sample properties with those of available alternatives.
To our knowledge this is the first study providing evidence on the finite sample perfor-
mances of one-step NLS and the Henningsen and Henning (2009) three-step procedure.
The new algorithm provides very good performance, outperforming the competitors
in small samples and in presence of small signal-to-noise ratios. An application on
agricultural data illustrate the usefulness of the proposed algorithm, even when it is
used as a “goodness-of-specification” tool.

Most empirical studies adopt a flexible - even parametric - specification of the
production technology but do not enforce ex ante the monotonicity condition or check
ex post if the estimated frontier fulfils this requirement. This is crucial since a non-
monotonic frontier may produce biased inefficiency effects and upset the final ranking
of productive units, thus inhibiting a reasonable interpretation of the unit-specific
efficiency scores. Since the true frontier is typically unknown, a semi- or nonparametric
specification may be useful to test for the appropriateness of the assumed frontier
specification. Moreover, with the semiparametric approach, unit-specific measures of
the output elasticises can be easily obtained. With regard to potential extensions of
our algorithm, one important area for further work concerns panel data analysis.
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ABSTRACT

Despite its importance, the monotonicity condition is typically overlooked in stochas-
tic frontier analysis. This article illustrates a straightforward and useful method for
the estimation of semiparametric stochastic frontier models imposing such constraint
and incorporating exogenous inefficiency effects exploiting the scaling property. An
iterative estimation algorithm based on nonlinear least squares is developed and the
behavior of the proposed procedure is investigated through a set of Monte Carlo
experiments comparing its finite sample properties with those of available alterna-
tives. The simulation results highlight very good performance of the new algorithm
which outperforms the competitors in small samples and in presence of small signal-
to-noise ratios. Our results also show that the fraction of observations for which
monotonicity naturally holds is generally quite small if this condition is not im-
posed. An application based on FADN agricultural data illustrates the usefulness of
the proposed algorithm.

KEYWORDS

Efficiency, stochastic frontiers, monotonicity, nonlinear least squares,
heteroskedasticity, simulation

1. Introduction

The Stochastic Frontier (SF) model, introduced by Aigner et al. (1977) and Meeusen
and van den Broeck (1977), represents a very popular tool for efficiency analysis.1 In
its basic formulation, it is based on a parametric representation of production tech-
nology along with a compounded error term in which one component, often assumed
to be normally distributed, deals with the randomness of production while the other,
following a specific one-sided distribution, captures the inefficiency of productive units.
Several methodological improvements of this basic formulation have been proposed in
the last three decades, most of which deal with relaxing the restrictive assumptions

CONTACT G. Ferrara. Email: federico.belotti@uniroma2.it, giancarlo.ferrara@gmail.com

The views and opinions expressed in this article are those of the authors and do not necessarily reflect the

official policy or position of SOSE SpA
1Production frontiers represent the maximum amount of output that can be obtained from a given level of

inputs, while a cost frontier characterizes the minimum expenditure required to produce a bundle of outputs

given the prices of the inputs used in its production.
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