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POISSON SEARCH*
FRANCESCO DE SINOPOLI?, LEO FERRARIS?, AND CLAUDIA MERONI®

ABSTRACT. This paper presents a model of the job market in which the number
of workers and companies is a Poisson random variable, as in Poisson games.
The model has undominated equilibria that share some properties with di-

rected search, while preserving some erratic elements typical of random search.
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1. INTRODUCTION

The process through which workers find jobs and companies fill vacancies is
costly and time consuming. The search theory of the job market puts these costs
and delays center stage.! Random search theory assumes that the matching of
workers and companies is haphazard, with the worker and company locked in
a bilateral monopoly negotiation, after being matched. The outcome is typically
inefficient. At the other extreme, directed search theory assumes that the com-
panies can post wage offers and the workers can direct their search towards the
best offers. The outcome is typically constrained efficient.?

The random and directed versions of the theory capture different real world
elements of the job search process, leading to distinct predictions for its outcome.
For instance, the random version predicts that the distribution of the wages of

* We thank financial support from the Italian Ministry of Education, PRIN 2017, grant num-
ber 2017K8ANN4.

8 DEPARTMENT OF ECONOMICS, UNIVERSITY OF VERONA, VERONA, ITALY.

b DEPARTMENT OF ECONOMICS, UNIVERSITY OF TOR VERGATA, ROME, ITALY.

¢ DEPARTMENT OF ECONOMICS, MANAGEMENT AND QUANTITATIVE METHODS, UNIVER-
SITY OF MILAN, MILAN, ITALY.

Email addresses: francesco.desinopoli@univr.it, leo.ferraris@uniroma2.it, clau-
dia.meroni@unimi.it.

Date: June 5, 2020.
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ties of matching workers and companies. See, for instance, Diamond (1982); Pissarides (1985);

Mortensen (1986), and the book Equilibrium Unemployment Theory by Pissarides (2000).
2 The benchmark model is contained in Moen (1997), featuring a continuum of workers and

companies. For a version with a finite number of workers and companies see Galenianos and
Kircher (2012). Other directed search models are contained in Peters (2000) and Burdett et al
(2001).
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workers who change jobs should be independent of the previous wages,® while
the directed version predicts a systematic positive relationship. The available
evidence shows a positive relationship with disturbances, pointing to a version
of the job search theory with a blend of randomness and directedness.* This
paper offers one such version.

The key assumption of our model is that the number of workers and compa-
nies is a Poisson random variable, as in the Poisson games of Myerson (1998).
This represents the random element of the model. On the other hand, as in
the original directed search model of Moen (1997), there is a number of market
places arranged by a market maker and distinguished by the wage that is being
offered. The workers and companies can choose independently and simultane-
ously which market place to visit. This represents the directed element of the
model. The job search activity is represented as a Poisson game with a finite but
unknown number of possibly heterogeneous workers and companies. Our focus
is on the undominated Nash equilibria of such a game.

We show that, at any undominated equilibrium, the workers and companies
of higher types choose market places with higher wages. This is an immediate
consequence of the main statistical property of Poisson games known as the
environmental equivalence, whereby the posterior distribution of a player who
has been selected to play the game over the number of other players in the game
is the same as the prior distribution of an outsider over the number of all players.
This property implies that the ranking of market places by the different types
of workers and companies is driven immediately by the wage offered in each
market place. Next, we prove that if there is only one market place, then, the
equilibrium exists and is unique. In fact, when there are several market places,
for each market place there exists an equilibrium in which that market place
is the only one where companies and workers meet. On the other hand, an
equilibrium with several market places is not always guaranteed to exist, and
even when it exists may not be unique. When there exist equilibria with several
market places, they coexist with the equilibria with each single market place.

This completes the analysis of the model with a market maker. Ultimately,
however, we are interested in a more decentralized model of the job market.
Thus, we examine a model in which, independently and simultaneously, the
companies announce wage offers, the workers announce desired wages, and, if
at least one company and one worker announce the same wage, then, a market
emerges. In this context, we show that any equilibrium of the centralized model
with the market places organized by the market maker can be replicated by an

3 See Godoy and Moen (2015).
4 As argued by Lentz and Moen (2017).
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equilibrium of the decentralized model with wage announcements by the com-
panies and workers, and, conversely, any equilibrium of the decentralized game
can be replicated by an equilibrium of the centralized game. Hence, all the prop-
erties derived in the previous centralized model carry over to the decentralized
one, similarly to Moen (1997).

The key idea of the paper is to conceive the job search activity as a situation in
which the number of participants is a random variable, representing the uncer-
tainty over the exact number of job applicants and companies with job openings.
Since in non-cooperative games the number of players is common knowledge in
the game, an extension of traditional game theory is needed to analyze situa-
tions in which the number of players is a random variable. Such games are in
general difficult to handle, but the assumption that the number of players is
a Poisson random variable makes them tractable, thanks to some convenient
properties of the Poisson distribution.’

The Poisson game structure has been applied, so far, mostly to voting games,
as shown by Myerson (2000, 2002). The idea is that in mass elections the vot-
ers ignore the exact size and identities of the electorate. In the macroeconomic
literature, Poisson games have been studied in connection with speculative at-
tacks on foreign currency markets when the number of speculators is unknown,
by Makris (2008).° We think of the job market as another situation in which it
is sensible to assume that the exact overall number of participants is unknown.
To the best of our knowledge, the structure of a Poisson game has been used in
connection with search theory only in a paper by Norman (2016), for different
purposes. The model has no heterogeneity among workers and companies and
the Poisson game structure applies only to the worker side while the companies
post wage offers to attract the workers, as in the directed search literature. The
Poisson game is conceived as a device that helps endogenize the restriction to
symmetric equilibria made in the directed search literature to justify the lack
of coordination among workers that preserves the search frictions.” In our pa-
per, instead, the Poisson game structure is an alternative way of modelling the
search friction. As a freebie, we get to analyze directly the equilibria of a fi-
nite game without symmetry restrictions. We do not attempt to review here the

5 Even the question what is the right solution concept for such games is far from obvious, see
De Sinopoli et al (2014).

6 For applications of Poisson games to other economic environments see, for instance, Makris
(2009); Ritzberger (2009); Jehiel and Lamy (2015).

7 With directed search, there are asymmetric equilibria in which each worker meets exactly
one company, making the model frictionless, i.e. essentially Walrasian. The restriction to sym-

metric equilibria preserves the friction.
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vast theoretical labor search literature, which is reviewed, for instance, in the
Lectures in Labor Economics of Acemoglu and Autor (2020).

The paper proceeds as follows. Section 2 presents the model. Section 3 ex-
amines the matching framework. Section 4 derives the equilibria. Section 5
discusses the model with wage announcements. Section 6 concludes.

2. THE MODEL

We consider an economy in which agents are employers and workers, and we
assume that their total number is a Poisson random variable with mean n. Thus,
there are k£ agents with probability

-nk

e
P(k|n)= Bl

Agents can be of different types. There are I types of employers who differ in
their productivity levels, and </ types of workers who differ in their unemploy-
ment incomes. We denote the set of the I+ types with 9~ and a general element
of J with t. With probability r; a randomly sampled agent is an employer who
has productivity y; (i.e. he is of type i), where i = 1,...,1. While with probability
r; a randomly sampled agent is a worker who has unemployment income z; (i.e
he is of type j), where j=1+1,...,I +J. We order employers’ types according
to productivity levels, letting y; < y; for i < i’, and workers’ types according to
unemployment incomes, letting z; < zjs for j < j'. We denote the probability that
an agent is an employer with r, = Zle r;, and the probability that an agent is
a worker with r,, = Z;:IJH r;, where r, +r,, = 1. The decomposition property of
the Poisson distribution implies that the number of agents of type ¢ is a Poisson
random variable with mean nr;.

A market maker establishes a number K of market places, or simply markets,
and sets for every market £ the wage w; € R,. That is, all the jobs in a given
market pay the same wage. We order markets according to wages, letting w;, <
wy fork <k'.

Each employer chooses if opening a vacancy in one of the market places, sus-
taining a sunk cost ¢ = 0, or staying out from any market. We denote employers’
action set with A; = A, ={1,...,K,O} for every i = 1,...,I, where action & corre-
sponds to choosing market %, while action O to staying out. On the other hand,
each worker chooses if searching for a job in one of the market places or remain-
ing unemployed. We denote workers’ action set with A; =A,, = {i,...,K,0} for
every j=I+1,...,1+J, where & corresponds to choosing market 2 and O to not
searching for a job. The set of actions is A = A, UA,,. An action profile x is a
vector that specifies for each action a € A the number of agents who choose that
action, x(a). The set of action profiles is Z(A) = Z'f'. Thus, given a market &, x(k)
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and x(k) are respectively the number of employers and the number of workers
who choose that market. We define xj, = (x(k),x(k)) for every k =1,...,K.

The number of matches in market % is determined by the matching function
fr(x(k),x(k)) : Z_% — Z,. We assume [3(x(k),x(k)) = min{x(k),x(k)}. The reason
of this assumption will be extensively discussed at the beginning of the next
section. Then, we let
fr(a(k), x(k))

x(k)
denote the probability that an employer fills his vacancy entering market ., and

fr(x(k), x(k))
x(k)
denote the probability that a worker finds a job in k.

qr(x(k), x(k)) =

sp(x(k),x(k)) =

The payoff to an agent depends on his type, the action he chooses, and the
number of other agents who choose each action. For every x € Z(A), i =1,...,1,
j=I+1,....I+J,k=1,...,K and k =1,...,K, the payoff to an employer of type
i is given by

u©i(0,x)=0,
ui(k,x)=qp(x(k)+ 1,x(l§))(yi —wp)—c

while the payoff to a worker of type j is given by,

uj(O,x):zj,

uj(k,x) = sp(x(k), x(k) + Dwy, + (1 — sp(x(k), x(k) + 1))z;.

Note that the payoff to an agent of entering a given market depends only on the
number of other agents who also choose that market.

The set of mixed actions for agents of type ¢ is given by A(A;). As in My-
erson (1998), a strategy function o (or simply strategy) is an element of X =
{0’ e AA)* 1o, € A(A,) for every t € T }, mapping each type to the correspond-
ing set of mixed actions. Strategy o induces the average behavior (o) € A(A)
which is defined by t(0)(a) = Y ;c5 r:0:(a) for each a € A. When agents play ac-
cording to o, 1(o)(a) is the probability that a randomly sampled player chooses
action a. The number of agents who choose a is a Poisson random variable with
mean nt(o)(a) and is independent of the number of agents that choose any other
action. We let 7(Z) = {f € A(A) : T = 1(0) for some o € X}.8

8 It is clear that the same behavior 7 € 7(X) can be induced by different strategy functions.
However, 7 is a sufficient statistics for the analysis of agents’ optimal behavior, and we will often
avoid to specify its dependence on o. In fact, the payoff to an agent depends on the number of

other agents who choose each action, independently of their specific types.
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When the population’s average behavior is summarized by 7 € 7(X), the prob-
ability that in market % there are x(%) employers and x(%) workers is given by

)iy (TR [nT (k)*®)
x(k)! x(k)

Environmental equivalence implies that P(x; | 7) is also the probability that

P(xpl1)=e

each agent assigns to the event that there are x(%) employers and x(k) workers
in market k2. Then, the probability for an employer to fill his open vacancy if he
enters market % is given by

Qr(r(k),1(k)) = Z P(xp | 1)qp(x(k) + 1,x(k)),
xkEZ%
and his expected payoff if he is of type i is
Uik,1)= Z P(xp | T)ui(k,x) = Qi (t(R), T(R))y; —wp) —c.
xkEZ%
Similarly, the probability for a worker to find a job in market % is given by
Sp(z(k),1(k)) = Z P(xy, | T)sp(x(k),x(k) + 1),
xkeZE
and his expected payoff if he is of type j is
Ujlk,7)= ) Plxr | Duj(k,x) = Si(v(k), t(R)wp, +[1 - Sp(z(k), 1(k)]z;.

xk€ZE

Definition 1. The strategy function o is a Nash equilibrium if Ui (o, | 1(0)) =
Ui(o} | 7(0)) for every t € I and o} € A(Ay).

We say that the average behavior 7 € 7(X) is a Nash equilibrium behavior (or
simply Nash equilibrium) if it is induced by a Nash equilibrium.

3. THE MATCHING FRAMEWORK
3.1. The matching function

We begin showing that the natural assumptions that the function q(x(k), x(k))
is non-increasing in x(k) and that the function s (x(k),x(k)) is non-increasing in
x(k), which hold in Moen (1997), imply that the matching function must be ei-
ther the min function or the min function with a threshold. Of course, we have
fr(x(k),x(k)) < min{x(k),x(k)} by definition, and we want f3(-) not to be identi-
cally equal to zero.

Consider the first assumption. Since x(k) € Z., we have

fr(x(R) +1,2(R)  fr(x(k),x(k)) _

qr(x(k)+1,x(R)) — qr(x(k),x(k)) = x(B)+1 x(k) =0,
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which is equivalent to
x(R) fr(x(k) + 1,x(k) — x(k) fr(x(k), x(k)) — fr(x(k),x(k)) < 0. (3.1)

If fr(x(k) + 1,x(k)) > fr(x(k),x(k)) + 1 for some x(k) and x(%), in that case the lhs
of (3.1) is strictly greater than

x(k)fr(x(k), x(k)) + x(k) — x(B) fr(x(k),x(k)) — fr(x(k),x(R)) = x(k) — fr(x(k),x(k)).

This last value is positive by definition of matching function, contradicting the
assumption. So we have f(x(k) + 1,x(k)) < f1(x(k),x(k)) + 1 for every x(k) and
x(k), that is, we have either f5,(x(k) + 1,x(%)) = fr(x(k),x(%)) or fr(x(k)+1,x(k)) =
fr(x(k),x(k))+1. Now, let x(k) < x(k) and f(x(k),x(k)) < x(k). If fr(x(k)+1,x(k)) =
fr(x(k),x(k))+ 1 then the lhs of (3.1) is equal to

x(k) = fr(x(k),x(k)) > 0,

which contradicts the assumption, so we have f3,(x(k)+1,x(k)) = f(x(k), x(k)). An
analogous reasoning based on the assumption that s (x(k), x(%)) is non-increasing
in x(k) reveals that f5,(x(k),x(k)+1) < fr(x(k), x(k))+1 for every x(k) and x(%) and
that, if x(k) < x(k), fr(x(k), x(k)) < x(k) implies fr(x(k),x(k) + 1) = fr(x(k),x(k)).

Then, we have that f5(x(k),x(%)) < min{x(k),x(k)} and that, for the above as-
sumptions to be satisfied, whenever fi(x(k),x(k)) < min{x(k),x(%)} it must be
fr(@'(B),x(k)) = fr(x(k),x' (k) = fr(x(k),x(k)) for all x'(k) > x(k) and x'(k) > x(k).
It is easy to see that f3(x(k),x(k)) = min{x(k), x(k)} satisfies the two assumptions.
Hence, we can conclude that the matching function can be either f;(x(k),x(k)) =
min{x(k),x(k)} or, for some threshold % € Z,, fi(x(k),x(k)) = min{x(k), x(k),%}.2
For simplicity, throughout the paper we will use the min function, but all the
qualitative results remain valid for every threshold & = 1.

Remark. Differently from Moen (1997), who considers a continuum of employers
and workers, in our case the matching function is discrete. In that model the
matching function is assumed to be homogeneous of degree one and concave. It

is possible to see that discreteness implies that these two sole assumptions lead

to the min function.®

9 Note that g1 (x(k),x(k)) is not defined if x(k) = 0 while sj,(x(k),x(k)) is not defined if x(k) =
0. Of course, we have f3(0,0) = fr(n,0) = f,(0,n) = 0 for every n € Z,, and we have fr(1,n) =
[r(n,1) =1 for every n = 1, otherwise f3(-) is identically equal to zero.

10 1 fact, under those assumptions, it cannot be f3(1,1) = 0 as it leads to the function
identically equal to zero, since homogeneity would imply that f3(n,n) = 0 for every n and
then f3(n,n’) > 0 would contradict concavity. So it must be f(1,1) = 1 and, by homogeneity,
fr(n,n) = n for every n. But, then, f3(n,n’) <min{n,n’} would contradict concavity, so it must be

fr(n,n') =min{n,n'}.
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3.2. Matching probabilities

We now examine the behavior of the functions @.(-) and S;(-) as their argu-
ments vary.

First, we note that the probability that an employer fills his vacancy in market
%k when no other employer is expected to enter that market is given by

QrO, ()= Y. P(k)[0) Y. Px(R)|T(B)qp(x(k)+1,x(k))
x(k)=0 x(k)=0
- Z P(x(k) | 1(k))qr(1,x(k)) = Z p(x(]g)”(;;)):l_e—nr(lé)’
x(k)=0 x(k)=1

which is the probability that at least one worker enters market % given 7(%) = 0.
On the other hand, independently of other employers’ behavior, if no worker is
expected to enter market £ then an employer will be matched in that market
with probability zero, i.e.

Qr(r(k),00= ) P(x(k)| (k) Y Px(k)|0)qr(x(k)+1,x(k))
(k)=0 x(k)=0
= Y Plek) | (k) (x(R) +1,0)= 0
2(B)=0

for every 1(k) = 0. Similar expressions define workers’ probabilities of finding a
job in market £. That is, when no other worker is expected to enter market %, a
worker is matched with probability

Si(t(k),0)=1— ™R

for every 7(k) = 0, while when no employer opens a vacancy in market 2 then
the worker is matched with probability zero, i.e.

S;(0,7(k)=0

for every 7(k) = 0. We note also that the functions @(-) and S (-) are continuous
in both their arguments.

The following proposition shows that the probability for an employer to fill
his vacancy in market % increases with the probability that workers enter %
and decreases with the probability that other employers choose k. Similarly, the
probability for a worker to find a job in market % increases with the probability
that employers open their vacancies in £ and decreases with the probability that
other workers enter market k.

Lemma 1. The function Qr(1(k),1(k)) is strictly decreasing in t(k) and strictly
increasing in t(k), while the function S (t(k),t(k)) is strictly increasing in 1(k)
and strictly decreasing in t(k).
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Proof We can show that Q(t(k),7(k)) is strictly decreasing in 7(%) by showing
that, for every /(&) > t(k),

Qr(7'(k),1(k)) - Q1 (1(k), 7(k)) < 0. (3.2)
In fact, the above inequality is equivalent to

Z [P(x(R) | T/ (k) — P(x(k) | T(k))] Z P(x(k) | (k) qp(x(k)+1,x(k)),
x(R)eZ x(];)EZ.,.
and the probability distribution over Z, induced by 7'(k) first order stochasti-
cally dominates the one induced by (%), that is,

Y. P&k T'(R)< Y Px(k)| (k)
x(k)=0 x(k)=0

for every % € Z,..'' Since g (x(k) + 1,x(k)) is non-increasing in x(k), inequality
(3.2) follows. Likewise, Q(1(k),7(k)) is strictly increasing in 7(k) because, for
every 1'(k) > 1(k),

Qr(t(k), 7' (k) — Qp(x(k),T(k)) =

= Z [P(x(R) | T (k) — P(x(k) | T(k))] Z P(x(k) | T(k))qr(x(k) + 1,x(k)) > 0,
x(k)eZ x(R)EZ,

given that the probability distribution over Z, induced by 7/(%) first order stochas-
tically dominates the one induced by 7(%) and the function qp(x(k) + 1,x(k)) is
non-decreasing in x(k).

In an analogous way it can be shown that the function S (r(k), 7(k)) is strictly
increasing in the first argument and strictly decreasing in the second one, given
that sz, (x(k), x(k)) is non-decreasing in x(k) and non-increasing in x(k). Il

4. NASH EQUILIBRIA

In this section we analyze the undominated Nash equilibria of the model.
We begin introducing the standard concepts of dominated action and dominated
strategy.

Definition 2. Action o, is dominated by action o), for agents of type t if U;(0¢,7) <
Ui(oy},7) for every 7 € 1(2) and Uy(oy,7') < Uy(o},7') for some 7’ € 7(2).

An action is dominated if there is another action that gives higher utility for
every possible population average behavior and strictly higher utility for some.
A strategy is dominated if it prescribes a dominated action for some type.

H1n fact, ZéZOP(k |n') < ZéZOP(k | n) for every n’ >n and % € Z,, and the decomposition
property of Poisson games implies that the number of employers choosing % is a Poisson random

variable.
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Definition 3. The strategy function o is dominated if there is a t € J such that
o is a dominated action for players of type t.

We assume for simplicity that w; > z7,, that is, the lowest wage is larger
than the highest unemployment income for workers. This assumption guaran-
tees that, in every undominated strategy, all workers search for a job in some
market. It is clear that the strategy function that prescribes every employer and
every worker to stay out from any market is a Nash equilibrium. It follows from
the above assumption that this autarkic equilibrium is dominated.

Lemma 2. The average behavior 1 such that 1(0) = r, and 1(0) = ry, is a domi-

nated Nash equilibrium.

We say that market & is active given the average behavior 7 if at least some
employers and some workers enter £ with positive probability, that is, (k) > 0
and 7(k) > 0. Recall that environmental equivalence implies that, for every aver-
age behavior 7 and market k&, the probability to fill the vacancy in % is the same
for every employer, and the probability to find a job in % is the same for every
worker. Consider an equilibrium behavior 7 such that markets 2 and &’ are both
active, with wy, < wy. Since some employers choose market &’ in equilibrium,
the higher wage they have to pay must be compensated by a larger probability
of being matched in that market. Analogously, since some workers enter market
% in equilibrium, the probability to find a job there must be higher.'> We can
therefore state the following.

Lemma 3. Let markets k and k' be active given the Nash equilibrium 1, and let
wp, <wy. Then Qp(t(k), (k) < Qr(t(k"),T(k")) and Si(t(k),T(k)) > Si(t(k), T(E")).

Then, we can show that in every undominated equilibrium employers and
workers of higher types choose markets that pay higher wages, consistently with
Moen (1997). First we prove that, given an equilibrium behavior of the popula-
tion and two active markets, if an employer prefers to enter the market that
pays the higher wage then all the employers with a larger productivity level will
also do so (and the larger the productivity, the larger the gain of choosing that
market rather than the other). Likewise, if an employer prefers to enter the
market that pays the lower wage, then the same is true for all the employers
with smaller productivity levels (and the smaller the productivity, the larger the
gain of choosing that market rather than the other).'® Recall that y; < y;s for
i<i.

12 Clearly, if two markets £ and &’ pay the same wages and are both active in equilibrium
then, for every agent, the probability to be matched must be the same in % and in %'.

13 of course, given any population behavior, if an employer prefers to enter some market

rather than staying out then all the employers of higher types will also do so, while if he prefers
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Lemma 4. Let 7 be a Nash equilibrium, let k and k' be two active markets given
Twith wy <wy, and let i <i'. IfU;(k',7) = U;(k,7) then U;(k',7) > U;/(k,T), while
ifUy(k,t)=U;(k',T) then Ui(k,7) > U;(F', 7).

Proof. We can prove that
Uk, 1)-Uy(k,7)>U;(E',7) - U;(E, 1),

which implies both results. Let us write for simplicity @; and @ instead of
Q1 (t(k),7(k)) and Qp(t(k'), 7(k")). The above inequality is equivalent to
Qr(yy —wr) — Qr(yy —wr) > Qu(y; —wr) — Qr(y; —wp).

Rearranging terms, we have
Qi > Qp,
which is satisfied by Lemma 3. 0

Analogously, given an equilibrium behavior and two active markets, if a worker
prefers to enter the market that pays the larger wage then all the workers of
higher types will do so (and the higher the type the higher the gain of choosing
that market rather than the other). On the other hand, if a worker prefers to
enter the market that pays the lower wage then the same holds for every worker
with lower unemployment income (and the lower the type, the lower the gain of
choosing that market rather than the other). Recall that z; < z; for every j < j'.

Lemma 5. Let 7 be a Nash equilibrium, let k and k' be two active markets given
T with wy, < wy, and let j < j'. If Uj(k_’,r) > Uj(lé,r) then Uj/(k;’,r) > Uj/(l;:,r),
while if Ujf(lé,r) > Ujr(lé’,r) then Uj(k,7) > U;(k',T).

Proof. As before, we can show that
Ujl(k_',‘l') - Ujl(]%,‘[) > Uj(k_’,‘l,') - Uj(]%,‘l,'),

which implies both results. Writing S;, and Sy instead of Sj(r(k),7(k)) and
Sp(t(k'),7(E"), the above inequality is equivalent to

Spwp +(1=Sp)zj —Spwy —(1=Sp)zjr > Spwp +(1=8Sp)z; — Spwp —(1-Sp)z;,
and rearranging terms we have

Sy < Sk,
which holds by Lemma 3. Il

to stay out rather than entering any market then the same is true for all the employers of lower

types.
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Given that, in equilibrium, employers’ and workers’ types are ordered and
agents will not choose to enter markets in which the probability of being matched
is zero, it seems convenient to perform the equilibrium analysis fixing the num-
ber of active markets. We start examining equilibria such that only one market
place is active. Then, we consider equilibria in which matching between employ-
ers and workers occurs with positive probability in a couple of market places.
This will provide us information on the characteristics of the equilibria for a

general number of active markets and reveal some useful economic insights.

4.1. One active market

Consider the case in which only market % is active in equilibrium. This im-
plies that no agent chooses any other market with positive probability, since
the probability of being matched there is zero. Specifically, every undominated
strategy prescribes all the workers to choose market £ with probability 1. On
the other hand, at least some employers will enter market £ with positive prob-
ability in equilibrium. In particular, by Lemma 4, there exists a type i* that
separates employers entering the market and employers staying out, so two pos-
sible cases can occur. There can be a type i* who is indifferent between entering
market £ or staying out, and all types i > i* enter 2 while all types i <i* stay
out. Or there is a type i* such that all types i = i* enter market £ while all
types i < i* stay out (it can be i* = 1, i.e. all employers choose market £ with
probability 1). Thus, characterizing the equilibria in this case coincides with
characterizing the type i*.

To this end, take the type of employers with the lowest productivity level y,
and consider the average behavior 7 such that all workers enter market £, i.e.
1(k) = ry,, as well as all and only the employers with productivity larger than y;,
i.e. T(k) =r. —ri. The expected payoff to that type of entering market % is equal
to

Qr(re—r1,rw)(y1—wp)—c. (4.1)
If this is positive, then type 1 employers will choose to enter the market with
some positive probability in equilibrium. In the worst case in which every other

employer enters the market, so that @(-,r,) reaches its minimum value by
Lemma 1, their expected payoff is

Qk(reyrw)(yl _LUk)—C.

If this value is positive, then they will choose to enter market £ with probability
1. If it is negative, then they will choose to enter £ with probability a € [0, 1],
where a solves

Qr(re—(1-a)ry,ry)y1—wr)—c=0.
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Since the function @;(-,r,) is continuous and strictly decreasing, a exists and
is unique. In both cases, all the employers with higher productivity levels will
enter market £ with probability 1. Thus, in the first case there is an equilibrium
behavior 7* such that 7*(k) = r, and 7*(k) = r,,, while in the second case we have
k) =r.—(1-a)r;, t¥(0) =1 -a)ri, and 7* (k) =ry.

On the other hand, if the value of (4.1) is strictly negative then all the em-
ployers of type 1 will choose to stay out. Then, the incentives of employers with
productivity yo must be examined. In particular, if @(r, —r1,r,)(yo—wr)—c =0
then they will choose to enter market £ with probability 1 in equilibrium, as
well as all the employers of higher types. Hence, in this case there is an equi-
librium behavior 7* such that t*(k) = r, —r1, t¥(0) = r; and 7*(k) = r,. If
Qr(re—ri,rp)yo—wp)—c <0 and Qp(r. —ri1—ro,ry)yes—wp)—c = 0 then type
2 employers will choose to enter market £ with probability § € [0,1], where S
is computed in a similar way as the above a, while all employers of higher
types will enter with probability 1. Therefore, we have t*(k)=r,—ri1—(1-p)rq,
1°(0)=r1+(1=PBre, and t*(k) = ry. If Q1(re —r1—r9,rw)(y2 —wp) — ¢ < 0 then
type 2 employers will choose to stay out, and incentives of employers with pro-
ductivity y3 must be examined, and so on.

This analysis holds for any given market place. It implies that an equilibrium
with only one active market exists whenever firms are productive enough.'* In
fact, it exists for each market & such that @,(0,r,,)(y; —wp)—c > 0, that is, such
that at least the highest productivity employers are willing to enter £ with some
strictly positive probability when all the workers enter the market. We assume
that this is true for every market, so that each market place in the economy has
a raison d’étre.

The next proposition establishes that the undominated equilibrium in which
a given market place is the only active one is unique.

Proposition 1. For each market k, there exists a unique Nash equilibrium such

that only market k is active.

Proof. Suppose to the contrary that there are two equilibria such that only mar-
ket k is active, inducing behaviors 7] and 7;. We have TT(]%) = T;(l%) =ry. Let
x be the probability that a randomly sampled agent is an employer who enters
market % in the first equilibrium, i.e. x = 7j(k). Then, by Lemma 4, there is a
type i] such that either

Qr(x,ry)yi —wp)—c<0 fori<ij,

Qrlx,r)yi—wp)—c>0 fori=ij,

14 The same is true in Moen (1997).
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where x = Zf_i* r;, or
"1

Qk(x,rw)(yi; —wp)—c=0,
I
izii +1
that an agent is an employer who enters market % in the second equilibrium, i.e.

y=15(k), and let i be the type such that either

where x = ar;: + Y r; for some a €[0,1]. Likewise, let y be the probability

Qr(y,ru)yi—wp)—c<0 fori<iy,
Rr(y,rw)y;i—wp)—c>0 forizis,
where y = Zf:i; ri, or

Qk(y7rw)(ylz - wk) —C= 07
I
i=iy+1
Let y > x (a similar argument applies to the case y < x). By Lemma 1, we

where y = ﬁri; +) r; for some B€[0,1].

have Q(y,ry) < Qr(x,ry). Hence, for the above conditions of the two equilibria
to simultaneously hold, it must be i < i;. But this implies y < x, which leads to
a contradiction. Therefore, the desired result follows. ]

Thus, given an economy with K market places, there exist K equilibria, all
undominated, in which each market place is the only active one. Moreover, these
equilibria respect all the basic strategic principles one can hope for, being stable

sets as singletons.!?

4.2. Two active markets

We study now the case in which two market places are active in equilibrium,
which will provide us also more general intuitions.

Let the two active markets be & and k', with w, < wp. In any undominated
equilibrium all the workers will be distributed over them, while employers may
also choose to stay out. Thus, given an average behavior 7, let s be the probabil-
ity that a randomly selected agent is a worker who enters market &, and r,, — s
be the probability he is a worker who enters market 2. That is, s = 7(k) and
rw—s =1(k'). Moreover, let x be the probability that an agent is an employer
who enters market %, y be the probability he is an employer who enters market
k', and r, —x — y be the probability he is an employer staying out of any market.

15 1t is not difficult to see that each of these equilibria is a stable set as defined in De Sinopoli
et al (2014). In broad terms, a stable set in Poisson games is a minimal subset of Nash equilib-
ria such that every close-by game obtained through perturbations of the average behavior has
a Nash equilibrium close to the stable set. The equilibria under consideration are such that
best responses are strict for all types except at most one (that is, the type of employers who is
indifferent between entering the market and staying out). If this type’s best response is strict
then the result follows readily, otherwise note that any perturbation of the average behavior in

the definition of stable set can be compensated by his mixed action.
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That is, x = 7(k), y = t(k’), and r, —x — y = 7(0O). We begin discussing the incen-
tives of workers and those of employers, relying on the results stated in Lemmas
4 and 5, and then we explore the equilibrium they lead to.

4.2.1. Workers. Given the behavior of employers, summarized by x and y, we
need to determine the type j* that divides workers choosing to enter market %
and workers choosing to enter market %’.

To this end, we can start considering the type of workers with the largest
unemployment income z;. Since markets 2 and &’ are both active in equilib-
rium, either workers of this type are indifferent between the two markets or
they strictly prefer to enter k2’ rather than k. In particular, they will be indiffer-
ent if their expected payoff of choosing market % is larger than that of choosing
market 2" when all and only the workers of the highest type enter &', and their
expected payoff of choosing market % is strictly smaller than that of choosing
market k&’ when no other worker is there (which is the necessary condition for
market &’ to be active). That is,

Splx,ry —rg)wp —2g) = Sp(y,rg)wp —2z)

and
Sk(x,rw)(wk —ZJ) < Sk/(y,O)(wk/ —ZJ).

In this case, they will enter market £’ with probability « € (0,1] such that
Splx,ry —ar)wp —zg) =Sy, ar)wy —z7),

and therefore we have s =r,, — ar;. Note that, for any given x and y, a exists
and is unique by Lemma 1.
On the other hand, workers of type / enter market &’ with probability 1 if

Sp(x,ry—rg)wr —2zg) < Sp(y,ry)wp —2z).

Then, to determine the type j*, a similar analysis needs to be done for workers
of smaller types.

4.2.2. Employers. Given workers’ behavior summarized by s, we need now to
determine two types of employers. The type i* that separates employers staying
out from any market and employers entering one of them, and the type [* that
separates employers entering market 2’ and employers who either enter market
% or stay out.'®

16 Note that i* and I* may coincide, either when there is a type who is indifferent between
staying out and choosing % (and possibly also choosing k'), all lower types staying out while all
higher types choosing %', or when there is a type who is indifferent between the two markets, all

lower types staying out while all higher types choosing %'.
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Let y be fixed. If y > r,—r1, then in equilibrium employers with the lowest pro-
ductivity y; must be indifferent between the two markets, while all employers
of higher types choose to enter market &', so we have i* =[* = 1. In particular,
it will be either

Qr(re—y,8)y1—wp) =Qp(y,ry —s)Ny1 —wp)=c

so that no employer chooses to stay out and x =r, —y, or

Qrlary,s)(y1—wr) =Qp(y,rw —sNy1—wp)=c

for some a €[0,1) with ar; <r.—y, so that type 1 employers randomize with
positive probabilities over staying out, entering market 2 and entering market
k' with x = ar;.

Then, let y < r,—r1, consider employers of type 1 and take their expected
payoff of entering market £ when no employer stays out,

Qr(re—y,s)(y1—wr)—c.

If this is positive, then in equilibrium they choose to enter market £ with prob-
ability 1 and no employer stays out, so we have i* =1 and x =r, —y. If that
payoff is negative, but their expected payoff of entering market 2 when all and
only type 1 employers stay out is positive, i.e.

Qr(re—ri—y,s)y1—wr)—c=0,

then they are indifferent between staying out and entering market 2. In this
case they choose to stay out with probability € [0, 1] such that

Qr(re—pri—y,s)y1—wr)—c=0,

where f exists and is unique by Lemma 1. Sowe have i* =1andx=r,—fri—y.
On the other hand, if @(r. —r1—y,8)(y1 —wr) — c <0 then type 1 employers will
choose to stay out with probability 1, and employers of higher types must be
considered to determine i*.

Now, let x be fixed and consider the employers with the largest productivity
level y;. Note that, for market £’ to be active, it must be

Qr(x,s)yr —wr) < Qp(0,ry —s)yr —wp).

If x > r, — ry then, in equilibrium, those employers must be indifferent between
entering market & or market k', and all employers of lower types choose either
to enter market & or to stay out, so we have [* = I. Precisely, employers of type
I choose market &’ with probability y € (0,1) such that

Qr(x,s)yr —wr) = Qp(yry,ry —sNyr —wp), 4.2)

so we have y =yr;.
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Then, let x < r,—r;. If type I employers get a higher payoff by choosing
market k£ rather than market £’ when all and only the employers of their same
type enter %, that is, if

Qr(x,8)(yr —wr) = Qr(ry,ry — )1 —we),

then, as before, in equilibrium they are indifferent between the two markets. So
we have [* =1 and y = yr;, where y € (0,1] solves (4.2) and exists and is unique
by Lemma 1. On the other hand, if

Qr(x,s)yr —wp) < Qp(rr,ry — SNy —wp)

then, in equilibrium, type I employers will enter market &' with probability 1
and incentives of employers of lower types need to be analyzed to determine [*.

4.2.3. Equilibrium. The above analysis leads to the value of s that, for any given
x and y, satisfies workers’ equilibrium condition, which characterizes the type
J* that separates workers entering market 2 and workers entering market &'.
Such a condition can be of the form

Sp(x,8)wp —2,+) = Sp(y,rw —s)wp —zj+) (4.3a)
or of the form
Sr(x,s)wr —27) > Sp(y,ry —s)wp —z;)  for j<j*
Sr(x,s)wr —2;) <Sp(y,ry—sNwy —z;)  for j=j*, (4.3b)

where s = 25*:1 r;—ar; for a €[0,1].

Furthermore, for any given s, there are values of x and y that satisfy employ-
ers’ equilibrium conditions. Precisely, we have the condition that characterizes
the type i* who separates employers staying out and entering market ., which
can be either of the form

Qr(x,8)(y;» —wg)—c=0 (4.4a)
or of the form
Qr(x,s)y; —wp)—c<0 fori<i®
Qr(x,s)y;i —wr)—c>0 fori=i*; (4.4b)

and the condition that characterizes the type [* who separates employers choos-
ing market £ and choosing market %', which can be either of the form

Qr(x,8)(y* —wr) = Qr/(y,rw — )y — W) (4.5a)
or of the form
Qr(x,8)y; —wp) > Qp(y,ry —s)Ny;i—wp) fori<l*
Qr(x,s)y; —wr) <Qp(y,ry —s)yi—wp) fori=1", (4.5b)
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where

l* I
x= Z ri—pri-—yr;» and y=yr;+ Z ri
i=i*

i1=l*+1
for B€[0,1] and y €[0,1].17

Either condition (4.3a) or (4.3b) determines s as a continuous function of x and
y. By Lemma 1, s(x, y) is weakly increasing in x and weakly decreasing in y. As
economic intuition suggests, the higher the probability employers choose one of
the two markets, the higher the probability workers will also choose that market
in equilibrium. Weakness derives from the fact that, when the “separating” type
is not indifferent between the two markets, a small change in employers’ behav-
ior does not imply a change in workers’ one. On the other hand, if the separating
type is indifferent between the two markets, then s must adjust whenever x and
y vary in order to maintain the equilibrium equality. Moreover, for any given s,
either condition (4.4a) or (4.4b) determines the value of x(s), which is a contin-
uous and weakly increasing function.'® That is, if the probability workers enter
market & increases then the probability employers choose to enter that market
rather than staying out in also increases. Then, y is determined by either con-
dition (4.5a) or (4.5b). The function y(s) is continuous and weakly decreasing,
i.e. the higher the probability workers enter market %, the lower the probability
employers will choose to enter market %’.

An equilibrium is given by values s*, x* and y* for which the conditions above
are simultaneously satisfied. Hence, it is the solution to a system of 3 equations
(or 2 inequalities in place of each of them) and 3 unknowns. However, such a
system does not always have a solution, so an equilibrium does not always exist.
We now illustrate an example in which there is no equilibrium where two given
markets are active even if the two equilibria where just one of the markets is

active exist.

Example 1. Let us consider the simplest case in which there is only one type
of employers, i, and one type of workers, j, and take two markets £ and k&'
We assume that the probability of being an employer is close to zero and the
probability of being a worker is close to 1. This implies that the probability for

17 Note that if wp = w}e then we have S (x,s) = Sp(y,ry —s) and Qp(x,s) = Qp/(y,ry —s). In
particular, all types of workers will be indifferent between the two markets, while employers’
types will be divided into those indifferent between the two markets (who may strictly prefer
entering one of them rather than staying out or may be indifferent between the three choices)
and those who strictly prefer to stay out.

18 As s increases, if the separating type is indifferent between entering 2 and staying out
then x increases so that the probability @ (x,s) remains constant, while if the separating type

strictly prefers entering market £ then x does not change so @(x,s) increases.
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employers of being matched in a market when all workers are there is the high-
est and overcomes alone the cost of opening the vacancy, thus guaranteeing the
existence of the equilibria in which only one of the markets is active. Moreover,
we assume that the wages paid in the two markets are similar and we let the
difference between employers’ productivity and these wages be slightly larger
than the cost. So, when workers distribute over the two markets, in the one
they choose with lower probability, the probability of matching for employers
multiplied by that difference does no more overcome the cost.

Thus, let y; =3,z =1, c=0.9, and let the expected number of agents be n = 4.
To avoid useless computations, let w, = wp =2, r, =0, and r, = 1. Since the
functions @7 and S, are continuous in their arguments and so are the equilib-
rium conditions, which will involve strict inequalities, the results of this “de-
generate” case will remain valid in a neighborhood of such parameters values.
Consider the equilibrium in which just one of the two markets, say &, is active.
Workers choose to enter £ with probability 1, and so do employers as long as

Qk(re;rw)(yi _wk) =c,

which is satisfied because Q(0,1)=1—-e"% = 0.981 > 0.9. Likewise, there exists
the equilibrium in which workers and employers enter market &’ with probabil-
ity 1. Now, suppose both markets k£ and %’ are active in equilibrium. Workers
will distribute over them, entering £ with probability o j(l%) and &’ with proba-
bility aj(k_’) =1 —oj(l%). Let aj(i_e) < aj(li’), that is, aj(l%) < é If r, =1, we have
(k) = Uj(lé) and

Q1(0,7(R) =1—e4® <1 _¢7250.865<0.9.

Since the expected payoff to employers of entering market % is strictly negative,
they now prefer to stay out. It follows that an equilibrium in which both markets
are active does not exist.

In this example, an equilibrium where the two markets are both active does
not exist because the cost for employers of opening a vacancy is too high. In
fact we can prove that, in the same simplest case with one type of employers
and one type of workers, for any couple of markets an equilibrium in which they
are both active exists whenever that cost is sufficiently small relative to other
fundamentals.

Proposition 2. Let I = J = 1. For each couple of markets k and k', there exists
a Nash equilibrium such that only markets k and k' are active whenever c is
sufficiently small.

Proof. Let i be the unique type of employers and j the unique type of workers,
consider markets 2 and &', and suppose that ¢ = 0. Consider an equilibrium such
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FIGURE 1. Existence of an equilibrium with two active markets
when I =J =1.

that £ and &’ are the only active markets. It is clear that employers and workers
must be indifferent between entering market £ or market &', so we have two

equilibrium conditions,

Qr(x,s) _Yi—wy
Qu(re—x,ryy—8)  yi—Wp
and
Sr(x,s) _Wp =2
Sp(re—x,rp—8) Wk —-zj’
where x and s are the probabilities that a random agent is respectively an em-
ployer and a worker entering market k2. The first condition determines x as a
continuous and strictly increasing function of s, while the second condition de-

termines s as a continuous and strictly increasing function of x.
YVi—Wy
Yi—Wg
which the first condition is satisfied.'® Similarly, since

is strictly positive, when s =0 or s = r,, there is no value of x for
wk/

Since
wk__jjj >0, when x =0
or x =r, there is no value of s for which the second condition is satisfied. On
the other hand, recall that @(0,s) > 0 for every s > 0 and Sz(x,0) > 0 for every
x > 0. Hence, x(s) is defined over s € [s,s], with 0 < s < s <r,, and ranges from
0 to r.. While s(x) is defined over x € [x,x], with 0 < x <x <r., and ranges from
0 to ry. Figure 1 depicts in the x-s plane two functions x(s) and s(x) with the
characteristics above and reveals that, regardless of their precise shapes, they
must intersect at least once.

This implies that at least an equilibrium exists whenever ¢ = 0. Note that,
since in equilibrium the probability for employers of being matched in the two
markets is strictly positive, we have Q(x,s)(y; —wpg) > 0. That is, employers
prefer strictly to enter one of the two markets rather than staying out. Thus, the

19 In fact we have, respectively, @(x,s) =0 and Qp/(r, —x,r, —s) =0.
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existence result remains valid for values of ¢ in a sufficiently small neighborhood
of 0. ]

Given an economy with K market places, there exist at least K equilibria.
In fact, for each market, there exists a unique equilibrium in which only that
market is active. Existence of equilibria where more than one market place is
active may demand more stringent requirements. Whenever these equilibria
exist, they are such that employers and workers of higher types choose to enter
the markets that pay larger wages.

5. WAGE ANNOUNCEMENTS

In the same vein as Moen (1997), we now show that the equilibria of the
model in which wages are established by the market maker can be realized if it
is assumed that wages are announced by the agents.

Let us consider again a Poisson game with expected number of players n, I
types of employers and J types of workers whose characteristics are as defined in
Section 2. But we now assume that agents directly announce the desired wage,
or decide not to announce any wage. Thus, their action setsare A, = A,, =R, +0,
where action O corresponds to not announcing any wage. A market is formed
when at least one employer and one worker post the same wage. As in the
original model, the number of matches in a market is given by the minimum
between the number of employers and the number of workers who choose the
corresponding wage. The payoffs to agents are as defined in Section 2, taking
appropriately into account the change in their action sets.

Consider an equilibrium of the original model in which the set of active mar-
kets is K. Recall that in such an equilibrium no agent chooses with positive prob-
ability a market that is not active. In the model with wage announcements, the
equivalent strategy combination is such that each type entering market %2 € K
(resp. staying out from any market) with strictly positive probability posts the
corresponding wage wy, (resp. does not announce any wage) with that same
probability. Then, an agent who expects opponents to play according to this
combination has no incentive to deviate and choose a different wage wj with
k' € K, because the original profile is an equilibrium. Moreover, no agent has
incentive to choose any other wage either, that is, a wage that no market 2 € K
pays, since the probability of being matched in that case would be zero. It fol-
lows that every equilibrium of the original model is an equilibrium also in the
model with wage announcements.

Take now an equilibrium of the model with wage announcements with finite
support W c R,, and consider the original model in which the market maker es-
tablishes the corresponding set of markets; that is, for every wage w € W there is
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a market that pays w. The equivalent strategy combination in this model is such
that each type posting salary w (resp. not posting any salary) with strictly pos-
itive probability chooses to enter the market that pays w (resp. chooses to stay
out) with that same probability. It is clear that, under such a strategy combi-
nation, no agent has incentive to deviate to any other action because the profile
under consideration is an equilibrium. On the other hand, every equilibrium of
the model with wage announcements with infinite support is equivalent to the
autarkic equilibrium of the original model, since no matching occurs.?’ We can
conclude that every equilibrium of the model with wage announcements is also
induced by the original model.

Remark. Moen (1997) analyzes the case of wage announcements assuming a
two-stage process, in which first employers announce the wage they are going to
pay and then workers apply for a job that pays a given wage. The Poisson setting
forces us to consider simultaneous announcements by employers and workers.
In fact, Poisson games have been defined by Myerson (1998) as simultaneous
games, in which players do not observe the realization of their opponents but
have only some probabilistic information about their number and characteris-
tics. The only conceivable sequential process would involve, first, a Poisson game
in which employers announce wages and, then, another Poisson game in which
workers choose one of those wages knowing employers’ realization and choices.?!
However, such a model could not be compared with our original one, in which
agents’ strategies do not depend on the precise realization of opponents’ behavior
but only on their expectation of this behavior. Note that in Moen’s model with a
continuum of agents this distinction is not relevant, as expectations and realiza-
tions coincide when the number of agents is infinite. In the Poisson framework,
the equivalence, in terms of inducing the same equilibria, of the original model
and the model with wage announcements requires them to be either both simul-
taneous games or both two-stage processes.

20 Note that if some employers and some workers randomize with atomless probability distri-
butions over a continuum of wages, the probability for an agent of being matched if he chooses a
wage in that continuum is zero. Since employers sustain a positive cost of posting, they strictly
prefer not announcing any wage rather than announcing a wage in the continuum, while work-
ers are indifferent between the two choices. Thus, any equilibrium with infinite support is such
that (possibly some) workers randomize with atomless probability distribution over a continuum
of wages, while employers do not post any wage, so every agent is matched with probability zero.

21 A similar model is considered in Norman (2016).
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6. CONCLUSION

This paper has presented a new model of the job market based on the Poisson
representation of a game with population uncertainty. The game is finite and
the Poisson structure allows to analyze the equilibria in a fairly simple way.
The undominated equilibria have properties that place the model in between
the random and directed search model typically used in the labor literature.
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