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Abstract

We study Markov-modulated affine processes (abbreviated MMAPs), a class of Markov
processes that are created from affine processes by allowing some of their coefficients to be
a function of an exogenous Markov process. MMAPs allow for richer models in various
applications. At the same time MMAPs largely preserve the tractability of standard affine
processes, as their characteristic function has a computationally convenient functional form.
Our setup is a substantial generalization of earlier work, since we consider the case where the
generator of the exogenous process X is an unbounded operator (as is the case for diffusions
or jump processes with infinite activity). We prove existence of MMAPs via a martingale
problem approach, we derive the formula for their characteristic function and we study various
mathematical properties of MMAPs. The paper closes with a discussion of several applications
of MMAPs in finance.
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1. Introduction

A standard affine process Y in the sense of [[17] can be characterized as a strong Markov process
whose generator is given in terms of so-called admissible parameters that form affine functions of
the state y of the process, cf. [37]. Markov-modulated affine processes or MMAPs are a natural
extension where the constant (non y-dependent) part of these affine functions depends on some
exogenous Markov process X. A simple example is provided by a CIR process with Markov
modulated mean reversion level. Formally, we introduce Markov-modulated affine processes as
a class of Markov processes, which we define in terms of the generator £: we assume that £ is a
linear operator of the form

Lf(a,y) = X fla,y) + ¥ (@) f(z,y), f € Dom(L) C Coo(D¥ x DY).

Here, £X (acting on = + f(x,y)) is the generator of a Feller process X with state space
DX C RY, and for fixed x the operator £¥ 1% () (acting on y ~ f(z,y)) is the generator of an
affine process Y with state space DY C R™. Thus, conditional on the path of X, the process Y’
can be regarded as a time-inhomogeneous affine process.

Markov-modulation adds flexibility for (financial) modelling to the class of affine processes.
At the same time MMAPs largely preserve the tractability of the latter class, as the characteristic
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function of their marginal distributions can be computed via an extension of the Riccati equations
for standard affine processes. More precisely, for an MMAP it holds that

(1.1) E, [eanq = ap(t,m,u)ewa’“)’y), z=(z,y) € DX x DY.

The function 1) is characterized by the same system of generalized Riccati equations as in the
standard affine case, whereas ¢ is determined by means of a Cauchy problem involving v and the
generator £% of X.

Simple regime-switching MMAPs where X is a finite state Markov chain have been used
previously in finance. For instance, [25] consider bond pricing in affine short rate models with
regime switching; [31]] use a portfolio credit risk model with default intensities given by a CIR
process with regime switching to analyze securitization products backed by European sovereign
bonds, and [24] study option pricing for regime switching pure jump Lévy processes. The recent
contribution [56]] unifies the previous examples and provides a theory of MMAPs for the case
where the generator £% is a bounded operator so that X is a finite-activity jump process.

The present paper is a substantial extension of [56]: we make only very mild assumptions on
£X and we allow for discontinuities in the coefficients of £¥1X(z). In particular, £X may be
unbounded, so that models where X is a (jump-)diffusion or a jump process with infinite activity
fall within the scope of our analysis. This is relevant for financial applications. There X often
represents state variables such as market sentiment or the economic environment, and it may be
more natural to model the dynamics of these state variables by continuous processes and not by
processes with piecewise constant trajectories; see also the financial applications discussed in
Section @ The extension to unbounded generators £% is also interesting from a mathematical
viewpoint. In that case the generator £ of (X,Y") does not satisfy the regularity conditions
commonly imposed in the construction of Markov processes via perturbation arguments, so
that classical results from semigroup theory (cf. [48 Section 3.3] or [27, Section 1.7]) are not
readily applicable. To deal with this issue we choose a probabilistic approach and use weak
convergence results to construct solutions to the martingale problem associated with £. If the
Cauchy problem for the function ¢ from (I.1]) admits a classical solution, relation (I.T]) determines
the characteristic function and hence the marginal distributions of (X,Y"). Classical results from
martingale problems thus guarantee the Markov property and consequently the existence of
MMAPs. We go on and analyze further mathematical properties of MMAPs such as the Feller
property, the existence of real exponential moments and the semimartingale characteristics of
MMAPs. Finally, in order to illustrate the wide range of modelling possibilities offered by
MMAPs we discuss several applications of MMAPs in finance.

Our analysis builds on the formal treatment of affine processes provided in [17]. Moreover,
we make extensive use of the comprehensive treatment of Markov processes and martingale
problems in [27]. We further contribute to the list of extensions to affine processes that has
started to grow ever since the seminal work of [[17]. [28] introduces time-inhomogeneous affine
processes. [12] consider matrix-valued affine processes and [13] subsequently generalize the
state space by considering affine processes on symmetric cones. Another generalization of affine
semimartingales are polynomial processes, which are treated in [14] and [30]. More recently,
[38] study a setup where the jump times of affine processes are allowed to be predictable (so that
the processes no longer obey stochastic continuity) and [54] discuss infinite dimensional affine
diffusions.

The rest of the paper is organized as follows. Section [2] introduces the necessary technical
preliminaries and the formal notion of MMAPs. In particular, we discuss the specifics of the
operator supposed to act as the generator of our class of processes. In Section [3] we solve
the martingale problem associated with this operator. Section []is concerned with the Fourier
transformation of MMAPs and the associated existence result. Further mathematical properties
of MMAPs are discussed in Section [5] Finally, in Section [6] we highlight the applicability of
MMAPs by discussing novel models from mathematical finance.
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2. Setup

In this section we introduce the necessary notation and we give a formal definition of a Markov
modulated affine process (abbreviated MMAP) via its generator.

2.1. Notation and basic concepts

Analysis. Let E be either an open set or the closure of an open set in C*. Then, By (E) is the space
of bounded Borel measurable functions, C'(E) (C,(E)) denotes the Banach space (equipped with
supremum norm ||-|| ) of continuous (bounded) functions on E. The complete subspace

Coo(E)={f€C(E) : Y¢> 03K C Ecompact: |f| <eon E\ K}

is the space of continuous functions vanishing at infinity. We use C*(E) to denote the space
of k times continuously differentiable functions on £ with C®(E) = NpenCF(E) and % C
C*(IR*) denotes the Schwartz space of rapidly decreasing functions on R*. The space Cf (E)
consists of bounded C*( E)-functions (where the derivatives are bounded as well). The space of
k times differentiable functions with compact support is C*(E). The set of cadlag functions on
[0, 00) with values in some space A is denoted by D 4. When there is no ambiguity with respect
to dimensionality we write 1 for a vector of ones. Similarly, we use Id to denote the identity.
We write bp-lim,._,, f» to indicate bounded and pointwise convergence of { f, },c; C Cy(E) for
some index set I.

In this paper, a MMAP is defined as a (d + n)-dimensional process Z = (X,Y) on the
state space D = DX x DY, where DX is an open (or the closure of an open) set of R¢ and
DY = R’ x R"™™. Throughout we use x to denote a point in DX and y = (y*,y*) denotes
a point in DY with y* € R and y* € R*™™. An element in C" = C™ x C*"™™ is
denoted by u = (u™, u*). We follow the notational conventions established in [17] and introduce
Z:={1,...,m}and J :={m+1,...,n}along withZ(3) := Z\ {i} and 7 (3) := {i}UJ. For
a generic k x k-matrix o = (cy;;) and a k-tuple 8 = (B4, ..., Bk), we write oy == (j)ier,jeJ
and B; := (Bi)ies for indices I,.J C {1,...,k}. Foru € C", we write f,(z) := e{®%),
Throughout we fix a continuous truncation function x : R™ — [—1,1]"™ with x(§) = £ on a
neighborhood around the origin. The Borel o fields on DX, DY and D are denoted by B(DY¥),
B(DY) and B(D).

Probability. In order to avoid ambiguities with respect to different notions of Feller semigroups in
the literature, we collect the definitions used in this paper in Appendix[A] Since affine semigroups
are in general not conservative, we throughout work on the path space 2 := Dpa, where
DA := DU {A} is the one-point compactification of D with A ¢ D describing the point at
infinity. We extend any function f on D to D via f(A) = 0 and we endow 2 with the Skorohod
topology S. Considering the product structure of the state space, we denote the canonical
process by Z;(w) = (X¢(w),Yi(w)) := wy, t > 0 for w € . Note that (£2,S) is a Polish
space and that the corresponding Borel o-algebra is generated by the evaluation maps, see [34}
Section VI.1b] for further details. We use (F});>o to denote the filtration generated by Z and
we set 7O :=\/,5, F7. Note that working on Dpa is no restriction as [15] show that an affine
process always has a cadlag version. We write $B(€2) for the set of probability measures on 2 and
P, € PB(Q) denotes a measure with P, (Zy = z) = 1.

2.2. Markov-modulated Affine Processes

We aim to construct a family of probability measures (P, ).cp C B(Q), for which (Z, (P.)) isa
Markov process with the following properties: X modulates the coefficients of the generator of
Y and conditional on the paths of X the process Y is a time-inhomogeneous affine process. For
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the characterization of (X, Y") we rely on the martingale problem approach associated to a linear
operator of the form

Lf(x,y) = &5 f(z,y) + & (@) f(z,y), f€Dom(€) C Co(D),

where £X acts on 2 — f(x,y) and is the generator of X, and £YX(z) acts on y — f(z,%)
and for fixed z is the generator of an affine process. In the sequel, we outline the specifics of the
operators £% and £Y1¥ () as well as of the operator domain Dom(£).

The generator of X. As suggested above, we characterize the process X via the linear operator £%
acting on functions in Dom(£%) which is assumed to be a subset of C,, (D). The restrictions
we impose on the modulating process are fairly weak as we allow the generator of X to be
unbounded, extending the results of [56] to the case of diffusions and infinitely active jump
processes. Throughout we work with the following

Assumption 2.1. The operator (£X, Dom(£%)) with Dom(£X) C C.. (D) generates a Feller
semigroup, denoted by (P;X);>0. Moreover, (PX);>¢ is conservative and C2 (D) is a core of
(£X, Dom(£X)).

Assumption [2.1] is fulfilled by a large set of different Markov processes, for instance by
conservative affine processes. Note that the operator £ is not time-dependent, i.e. the Markov
process X is time-homogeneous. Nevertheless, the extension to the inhomogeneous case is
obvious by extending the process via (t, X;);>0. The restriction that (P;X);>¢ is conservative
could be relaxed, but in the applications we have in mind there is no need for the modulating
process to have finite life time.

Remark 2.2. [51]] shows that under the above assumption, the semigroup (PtX )¢>0 has an
extension to Cy (D), which is Cj-Feller (cf. Definition . We avoid confusions by denoting
the corresponding semigroup on Cy(DX) with (ﬁtX )t>0. Moreover, we associate with the
Cyp-Feller semigroup a weak generator £X via

~ pX f _
(2.1)  Dom(g£¥) = {f € Cy(DY) | 3g € Cy(D¥) such that bp-lim W = 9} :
t—0+

5 Xy _
(2.2) £Xf = bp-lim M, f € Dom(£%).
t—0+ t
Note that £X Ipom(ex) = £%, that Dom(£%) is weakly dense in Cj,(DX) and that £¥ is weakly

closed, cf. [19 Chapter I]. We frequently resort to the operator (}NZX , Dom(f}x )), when dealing
with functions which are not in C, (D).

In [17], it is shown that the coefficients of the infinitesimal generator of a generic affine
process Y are affine functions of y that can be described by a set of admissible parameters. For
MMAPs the constant part of these affine functions may depend on the state = of the modulating
process. This specification ensures the tractability of the characteristic function (see Section [
below). In the following definition we introduce the Markov-modulated analogue of admissible
parameters; their precise role will be clear in conjunction with Equation (2.5)) below.

Definition 2.3. We say that the parameters
(Cl, «, ba 67 c, 7a m, /’L) = (CL(J}), «, b(ﬂj), ﬁ) C(l‘), 'Y’ m(x)a ,U/)v S DX7
are x-admissible, if for each fixed x € DX

e a(z) € Sem™ with azz(x) = 0, and we have a;;(-) € By(DX) foralli,j € TU J,
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o a=(a,...,0n)witheach o; € Sem™ and o, 7(;)7(;) = 0 forall i € T,
« b(z) € DY with b;(-) € By(DX) foralli € TUJ
* B € R"" such that fr7 = 0 and Bz € Rfflfor alli € 7,
o c(z) € Ry with c(-) € By(DX),
* v €RY,
» m(z,") is a Borel measure on DY \{0} which satisfies m(-,d¢) € By(DX) and M (z) :=
M(z, DY \{0}) < oo for
M (z,d€) := ((xz(£),1) + X7 (&) )m(x, dg),

o pw=(p1,...,[m) where u; is a Borel measure on DY \ {0} with M; := M;(DY\{0}) <
o0 where

Mi(d€) == ((xz(@ (€), 1) + || x a0 (€)] )i (dE).

The parameters are called strongly z-admissible, if in addition (a(x),b(x), c(x)) are continuous
in x, and if m(z, d¢) is weakly continuous on DY \{0} in .

[28] provides an accessible illustration of the above parameter conditions and their implications.
In this paper we define a MMAP (X, Y) in terms of the generator of its associated semigroup.
The following definition is needed to specify the domain of that operator. For f € C?(D) we set

O f(z,y)

2.3) [ax,y) = @+ [y ) | F @l + IV @l + D YOy,

k,l=1

(2.4) [f]Q(-r7y) = |<y*aﬁ*vjf($7y)>|7

where §* := (87)77 € RM=m)x(n=m)  The advantage of the functions [f]; and [f]y in
handling affine semigroups is best seen in Lemma 6.1 of [28]] and in Lemma 8.1 of [17].

The “generator” of (X,Y). Consider for z-admissible parameters (a, «, b, 3, ¢, v, m, u) the
following partial integro differential operator acting on g € CZ (DY),

YlX 3 a 82 ( ) x —c(x
: /;l:l l aykayz +{b(2), Vg(y)) — c(@)g(v)
+/Dy\{0}(g(y+<) —g(y) = (V79(y), x7(C)))m(z, dC)

2.5) . )
Z (az i,y %Jr(ﬂyﬁg(y))—(%yﬂg(y)

+Z/ o 90T 9 90 = (Vaw9): X ONyl ilde).

Throughout we consider the linear operator (£, Dom(£)) with
(2.60) £f(z,y) = L5 f(a,y) + X (@) f(2,y)
where f is an element of

X Y
(2.6b)  Dom(£) = {f € C2(D) N Cou (D) | f(,y) € Dom(£7) forally € D }

[f11,[f]2 € C(D)
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Definition 2.4. A Markov process (Z, (P,ep)) with sub-Markov semigroup (P,) >0 and generator
(L, Dom(L)) is called a Markov-modulated affine process (MMAP) if L|pom(¢) = £. Moreover,
we call (P;);>o a Markov-modulated affine semigroup.

If the parameters underlying £ are strongly x-admissible, we refer to (Z,(P.),ep) and
(Pt)¢>0 as a strongly regular Markov-modulated affine process and as a strongly regular Markov-
modulated affine semigroup, respectively.

Definition @] differs from the classical definition of affine processes in [17]. There, a
Markov process Y is called affine if its characteristic function for fixed ¢ > 0 is of the form
e®tw)H{P(w).y) - where the functions ¢ and ¢ are assumed to satisfy a crucial regularity
assumption. This technical condition is both necessary and sufficient for the existence of an
infinitesimal generator of an affine semigroup (see e.g. Example 1.25.g and the surrounding
discussion of [5] in the context of Feller processes). [37] show that this regularity assumption
is in fact superfluous, and further prove that stochastically continuous affine processes are Feller,
cf. [37, Theorem 3.5]. Thus, the results of [37] show that an affine process can equivalently be
characterized in terms of its generator, so that MMAPSs as defined in this paper are a genuine
extension of standard affine processes.

In general, (£, Dom(£)) is not the generator of a strongly continuous semigroup on C (D).
The possible discontinuities in the z-admissible parameters prevent us from applying the theory
of Hille-Yosida (cf. [27 Section 1.2]) to construct MMAPs via analytical semigroup arguments.
In fact, a priori it is not even clear if for a given generator £X satisfying Assumption and a
given set of z-admissible parameters a MMAP in the sense of Definition [2.4] exists. We address
this issue via the associated martingale problem.

Definition 2.5. Consider a linear operator (2, Dom(21)) with Dom() C Coo(D). We say
that (P,).ep C P(N) solves the martingale problem associated with 2, in short {P,} €
MP (A, Dom(21)), if for f € Dom(2) and for all =z € D the process

F(Z) - f(z) - / Af(Z)ds, 30

is a {F;}-martingale, where {JF;} is the P,-completion of {F{}. Moreover, the martingale
problem is said to be well-posed, if for all z any two solutions PL, P2 € MP (2, Dom(21)) have
the same finite-dimensional distributions.

The next example shows that the class of MMAPs comprises also Markov processes with
quite irregular behavior.

Example 2.6. Suppose m = 0, n = 1 and DX = R. We let the modulating process X be a
Brownian motion so that

eXf=0uf, fe€C*DY)c Dom(£¥).
Concerning z-admissible parameters, we set

a(z) = L0 l/2, miz,d¢) == L<o(1/2%)8,(dC),

where J,(d() is the Dirac measure centred at x; and all the remaining z-admissible parameters
vanish. Intuitively, upon X crossing 0, the modulated process Y switches infinitely often between
being a diffusion and a pure jump process (as a Brownian motion has infinitely many crossings of
zero). The existence of a MMAP with this generator follows from the results of Sections [3]and A}
see Example [4.8] for details.
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3. The associated Martingale Problem

In this section we discuss the existence of solutions to the martingale problem associated with
the linear operator £ = £X + £Y1X(z) defined in (2.6). For fixed 2 € D, it follows from
[L7] that an appropriate extension of eYix (:n)|cgo (DY) generates an affine semigroup. Thus,
we can regard £% as a perturbation of £Y/X(z). Standard results on martingale problems
related to perturbations typically fall into two categories (cf. [27, Section 4.10.]): either the
perturbation is bounded (corresponding to £X being a bounded operator), or the two operators
are independent, that is £YX(z) is independent of z. Hence, the main difficulties in dealing
with MP (£, Dom(£)) stem from the fact that our setup falls in neither of the two categories.
Moreover, the popular approach of showing that (£, Dom(£)) satisfies the positive maximum
principle (cf. [27, Theorem 4.5.4]) to solve MP (£, Dom(£)) is also not applicable in our setup
since it would require £ to map into C (D).

We tackle these issues via an approximation argument: we approximate £X by a sequence
of bounded operators {£; }ren and we show that the sequence of solutions to the martingale
problem for the operator £; + £Y1X (), k € N, is tight and that every limit point solves the
martingale problem for £% + £Y1X ().

We begin with two auxiliary results.

Lemma 3.1. Dom(£) is a dense subset of Co (D).
Proof. As in the proof of [28] Proposition 6.3.], we introduce the following set

h(y*t,y*) = wam e<(“’i‘1)’(y+’y*)>g(q)dq,}

Qg :={ h € C®(DY)
veC”_,ge CXR"™™)

We further set Og := {gh | g € C3(DX), h € ©p}. Pick an arbitrary f = gh € Oy. As
C2(D¥) C Dom(£%), we have f(-,y) € Dom(£¥) forall y € DY.

Note that Og C .’". Thus, we have (with slight abuse of notation) for an arbitrary multiindex
a € N that (1 + [lyT|)h € #™ and V*h € " (cf. [38] Section V.2]). Since g has compact
support we infer that [f]1, [f]2 € Coo(D) and thus, ©g C Dom(£). Since the linear span of O
is dense in C, (D) (see the proof of [28| Proposition 6.3.]), we arrive at the result. L]

Lemma 3.2. Dom(£) is an algebra.

Proof. Let f,g € Dom(£). Obviously, fg € C*(D) N C (D). Moreover, using the product
rule we get the estimates (see also [[17, Section 8])

If9llloe < K NFhlloo Mghllo »

for some constant K. Thus, we have [fg]1, [fg]2 € Coo (D).

It remains to consider £~ (fg)(-,y) for arbitrary y € DY. Since C?(D) is a core of
Dom(£%X), we can find sequences (f), (gx) € C2(DX) converging to f(-,y) and g(-,y) w.r.t.
||H§ Since the fj, and g are bounded it holds that limy_,o0 || fegr — F(,9)9(,y)ll, = O
with {frgr} C C?(DX) as C?(DX) is an algebra. And since the H-||§—closure of C2(DX) is
Dom(£%), the result follows. O

Next, we introduce an approximating operator sequence { Ef }en and we study the martingale
problem associated with the operator £; = £ + £Y X (z). Since (£X, Dom(£¥)) generates
a strongly continuous semigroup by Assumption 2.1} the Hille-Yosida theorem implies first that
Dom(£%) is dense in C (D), second that Range(aId —£X) = C (D) for any o > 0
and third that £ is dissipative, i.c. |af — £ f|| > «|/f| for any o > 0 and f € Dom(£¥).
Moreover, we consider for each k the following Yosida approximation

(3.1) £ = keXay,



8 Markov-modulated Affine Processes

where G}, = (kId—£X)7!. Note that the operator G, the resolvent of the semigroup
(P )i>0, exists by standard results from semigroup theory, see e.g. Section VIL4 of [58].
Then, {£X }xen is a sequence of bounded operators, and it holds that limy_,o, £ f = £Xf
(where the limit is pointwise for f € Dom(£X)), since (£X, Dom(£X)) generates a strongly
continuous semigroup, see for instance [27, Chapter 1] for details.

Lemma 3.3. Consider the operator (£, Dom(£)), where
Sf(2y) == £ f(z,y) + ¥ (@) f(@y),  f € Dom(L).
Then, there exists a solution to the martingale problem associated with (£;, Dom(£)).

Proof. To prove the lemma we resort to [27, Proposition 4.10.2]. Accordingly, we have to show
that for each k there exists a kernel 7;X such that we obtain the following representation for any
g € Dom(£%),

(32) e¥ola) =k [ (60) =gl (@.d0). e € DY,

First, note that the operator G}, from (3.I) is a bijection from C..(DX) onto Dom(£%X).
Additionally, since G, is a positive linear operator, we know by the Riesz representation theorem
that there exists a kernel 7;* such that for any f € Co (D¥)

KGif (z) = /D HQOr (. d0), Ve DX,

Pick an arbitrary g € Dom(£¥). Consequently, since (kId —£X)g € Cu(DX) by the Hille-
Yosida theorem, it holds that

kg(z) = (k1d —£X)kGrg(z) = /DX(kId—,QX)g(C)w,f(x,dC), x € DX,

‘We further have that
for any g € Dom(£

x £%9(O)m¥ (-, d¢) = £ g, and so overall we obtain the representation (3.2)

by :

Note that the proof of the above lemma shows that in probabilistic terms, the approximation
of £ by {2? }ren corresponds to the approximation of the Feller process X by a sequence of
pure jump processes.

Theorem 3.4. Consider the linear operator (£,Dom(L£)) given by 2.6), where the underlying
parameters (a, o, b, 3, ¢, 7y, m, ju) are x-admissible and where £~ satisfies Assumption Then,
there exists a solution to the martingale problem associated with (£, Dom(£)).

Proof. For aclosed subset U x V C DX x DY and a function f € Dom(£), we introduce

gy = sup A{[fli(@,y) + [fla(z,9)},

(z,y)eUxV

where [f]1 and [f]2 were introduced in 2.3)), (2:3). The proof is divided into two steps. First, we
show that the measures P¥ € MP(£;, Dom(£)), k € N form a tight collection. In the second
step, we collect several classical results to conclude that there exist limit points in (P¥);cy that
solve MP (£, Dom(£)).



3 The associated Martingale Problem 9

Step 1: Tighmess. Fix an arbitrary z € D. By Lemma [3.3] there is for each k a measure
P* € MP(£,, Dom(£)) with the operator £, acting on f € Dom(£) via

L f(z,y) = L5 fla,y) + 15 (@) f (2, ).

To keep the notation lean, we omit the subscript z in the sequel, i.e. we write P* and E* instead
of P¥ and E*, respectively. We want to show that {P*} ¢y is tight.
Fix an arbitrary f € Dom(£). We use ]P”J“c to denote the distribution of the paths of f(X,Y)

(with corresponding expectation E 7) and let (&)¢>0 be the coordinate process of real-valued

cadlag functions, where the o- algebra FHE is the P-completion of (¢, : ¢ > 0). We denote the
corresponding filtration with {F*¢},. Since Dom(,{}) is dense in C ( ), we know from [27]
Theorem 3.9.1] that tightness of (P¥)cy is equivalent to tightness of (IP’ )ren. We introduce the
following function,

g:Q— Drp;w— fouw.

Lete € (0,1]. Setg(e,d) := |e—d| A1, forany e, d € R. Then, forevery A € FF* 0 <t < oo
and 0 < h < € we have

ES [Laq(&esn, &)%) < /A(ftJrh — &)2dP;
= [ UK Yo = 100 Yt
(3.3) = [ B[ Yien) — S Y)? | 5] dP,
g~ 1(A)

Since P¥ € MP (£, Dom(£;)) and £, f2 € Dom(£y,) by Lemma we get

E* [(f (Xetns Yorn) — F(Xe, Y0)? | Fi
= E* [f2(Xitn, Yien) — f2(X0, V2) | Fi
— 2f (X4, YO BF [f(Xitn, Yin) — F(Xe, Y2) | Fo]

t+h t+h
= ]Ek |:/ Eka(XmY;)dS ‘ ]:t - 2f(Xta}/;f)Ek / Skf(XS?Y;)dS ‘ ]:t
t t

Next, we handle the integrands. For that recall that the specific form of £, f(z, y) equals

- f(z,y)
Sy + ) akz(ﬂ?)wgygj

k=1

+ / Py +0) — Fle) — (V7 £ 9), X7 (O))mz, dC)
DY\{O}

+ <b(l‘), Vyf(a:,y)> - C($)f($,y)

00+ Y lenu ) D 4 50,9,0w0) - )
k,l=1

m

(3.5) —I—Z/Y\{O} 2,y +C) = f(@,y) = (Vaa f(2.9), X760 (ONyi 1i(dC).

We compactly write the expressions (3:4) to (3.3) as £ f(z, y) and note that £¥" is the generator
of an affine semigroup with admissible parameters (0, «, 0, 3,0,~, 0, &). Thus, by Lemma 8.1 of
[17] we know that for (z,y) € D there exists a constant C' such that

& f(z,y) <C (all + 181+ 1l +ZM¢> 1y +)llypy

€L
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and since f € Cuo (D) this in particular implies that there is a constant C}~ such that
(3.6) £ f(wy) <O,

with the constant C’}/ depending on f, but not on k. Furthermore, with £ being a bounded
operator, there exists a constant C,f s (depending both on f and k) such that

3.7) X f(x,y) < CF5.

For the remaining terms we yet again apply Lemma 8.1 of [17] and exploit the structure of
Dom(£}) to arrive at an inequality of the form

(38) Lif(z,y) — (& f(z,y) + £ f(x,y))
< C (|| Martll o)z a [| + N0kl o) o=t |+ llell g + 1M o) [1f (25 + )l oy
(3.9 <cp,

for a constant C?‘X independent of k. Similar considerations also apply for £ f? and so the

inequalities (3.6) to (3.9) imply
E* [(f(Xetns Yern) — F(Xe, Y2))? | Fi)
(3.10) < e(CF o+ O+ Ch) + 26| fllo (CF; + X 4+ CY) Phaas,

It remains to consider the behavior of the constant C’,f s when taking the supremum over k.
However, for a Yosida approximation it holds that £; f converges uniformly to £% f, which
in turn implies the finiteness of sup, HS? f HOO (uniformly convergent bounded functions are
uniformly bounded). Consequently, we can find a constant independent of k£ and we have thus
shown that lim;_, supycy ]E’Ji [4(£0,&)?] = 0. By defining 7. as the right-hand side of (3:10),
we can regard (7e)ee(0,1) @s a family of functions v : Dr — [0, 0o) with the following properties

supEl} [ve] = 0 ase — 0,
keN

El} Q(€t+ha§t)2 Q(ﬁtaft—q;)2 | ftk’g} < E’; {fye | ]-"tk’g] P’;-a.s.

forall0 <t <T,0<h<e<land0 < v <eAt. We work on Dpa, so that the compact
containment condition is trivially fulfilled. Hence, by Theorem 3.8.6 of [27] we conclude that
(]P”;) ken is tight for all f € Dom(£). By Theorem 3.9.1 of [27] together with Lemmathis

implies that (P*) ¢y is tight.

Step 2: Limit. Since (£2,S) is a Polish space, by Prokhorov’s Theorem the set (P¥)en C B(9)
is relatively compact. So, there exists an accumulation point of {P*}, which we denote by P
(with corresponding expectation E). In the sequel we show that P € MP (£, Dom(£)), which is
equivalent to showing that for all f € Dom(£) it holds that

3.11) E =0,

(f(th,YtQ) ey - [ £f<Xs,Ys>ds) [T h(X.. Y

=1

forall 0 < s; < ...8;, <t; <tyandall hy,...,h, € By(D). By Lemma 3.7.7 of [27] the
following dense subset of [0, 00),

Tp:={t > 0| P((X;—,Yi-) = (X1, Y3)) = 1},

has an at most countable complement in [0, 00). We pick a subsequence {P*())} for which
lim;_, P*(@) = P. Then, by [27, Theorem 3.7.8] the finite dimensional distributions of
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(X4,,Y%,), .-, (X, ,Y;, ) under PEU) converge weakly to the corresponding distributions
under P for ¢y, ... ,t,, € Tp. Thus, it is enough to show G.T1) for s1, ..., S, t1,t2 € Tp. Since
PFU) € MP(£;;), Dom(£)), it is left to prove that

(3.12) lim EFG)

j—o0

tz m
/ L) f (X, Yoyds [ (X, Ye,)

t =1

to m
B | [ er(xvads [[m(x..v.)

t =1

Given the uniform convergence of { £y, f} we have

m

(Lr) f (X, Ys) — (X, V) [[ (X, Y5,
=1

(3.13) lim E*0) =0,

J—0o0

for all s € Tp. The weak convergence of {P*()} further implies that

(3.14) hm EFG)

i

£f(X,,Yy) ﬁ h(Xs,Ye)

= leXs,Y ﬁ (X, Ys)

and so Equations (3.13) and (3.14)) prompt

m m
lim EFG) (X,,Y,) X, =E X,,Y, X,,.Y,
ji>Holo ‘Sk(])f S U la Sf( ’ )th( 19 L) 5
Finally, we interchange order of integration in (3.12)) to arrive at the desired result. O

In Sections ff] and [5} we frequently resort to the following useful extension of Theorem [.6]
Recall that we introduced £Y!X(z) as an operator on CZ(DY). The proof is postponed to

Appendix

Corollary 3.5. For an arbitrary z € D, choose aP, € MP(£,Dom(£)). Let f € C([0,00) x
DX), which is C* in its first argument and f(t,-) € Dom(£X) for allt > 0. Moreover, consider
g € C12([0,00) x DY), which is bounded in its second argument. Then, the process

f(tht)g(tvyvt) - f(va)g(an) - /0 (at + EX + SYIX(x))f(SaXs)g(svys)dsa t> O,

is a martingale under IP,.

4. Transform Formula and Existence

The popularity of affine processes largely stems from the fact that the Fourier transform of their
marginal distributions is available in semi-explicit form (up to the solution of a system of ODEs).
In particular, in the context of affine models many pricing problems in mathematical finance can
be solved efficiently by Fourier methods. In this section we show that the characteristic function
of MMAPs has a fairly simple form as well, which makes these processes an appealing tool
for many modelling tasks. On the theoretical side, our results on the characteristic function of
MMAPs permit us to give conditions for the uniqueness of the martingale problem associated
with the generator £ from (2.6) and hence for the existence of an MMAP.
Consider some « € C™ and the function

4.1 DY 5 C:yrs ey,
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The function @:1)) is an element of C,,(DY') if and only if u belongs to the set
U:=C" xiR™".

Below we discuss expectations of the form E, [e{*¥*)] for u € U and any z € D,t > 0; this
includes the characteristic function of Y; as a special case.

For an affine semigroup (P), it holds that P*Te{“¥) = exp(o(t, u) + (1 (t, u),y)) foru € U
and continuous ¢ and . The derivatives of ¢(-,u) and ¢(-,u) at t = 0 are typically denoted
by F'(u) and R(u), respectively (their existence is shown in [37]). In what follows we introduce
the Markov-modulated analogue of these derivatives. Consider functions F' : DX x U/ — C and
R :U — C" given by

F(z,u) = (b(z),u) + (a(x)u,u) — c(x)

(4.2) + / (€9 =1 = (ug, x7(Q)))m(z, d¢),
DY \{0}

(43)  Ri(u) = (ogu,u) + (B, u) — v + /D y\{o}(e<“=<> — 1 — (ugzay, X0y (O))) i (dC),
4.4) Ry(u) = B*u*.
for 7 € 7 and where

ﬂj = (BT)i{l,.u,n} € IR"7 (XS I7
ﬁ* — (ﬂ—r)jj c R(nfm)x(nfm).

Note that R is the same function as in the standard affine case, whereas F' is modified (it depends
on x). Moreover, F' and R clearly separate the z-admissible parameters according to whether they
depend on z or not. In the standard affine case, 1 is characterized by a system of ODEs, called
generalized Riccati equations, and then ®(¢,u) = exp(4(¢, u)) is simply given via the linear
ODE 9;®(t,u) = ®(t,u)F(u). It will turn out that for an MMAP the transform E, [e(*¥?)]
has a similar structure, but the function ®(¢, u) is replaced by the solution (¢, z; u) of a Cauchy
problem that involves the function F' and the generator £X of X.

We now introduce the aforementioned system of generalized Riccati equations. Suppose
¥ 1 [0,00) x U — C™ solves

4.5) 6tw(t7 U) = R(d)(tv u))a "/)(07 u) =u.

The above generalized Riccati equations (4.5)) for ¢ are a well-studied mathematical object and

[17, Section 6] prove the existence of a unique solution thereof. Moreover, Equation (4.3)) with

@3) obviously implies that ¢ 7 (t,u) = e’ “to*. Within our framework, the counterpart of the

linear ODE for @ is the following Cauchy problem, which plays a crucial role throughout this

section,

(CPrs) Op(t, wyu) = LXp(t, z5u) + (t, 23 u) F(z,d(t,u), t€[0,T], v € DY,
T ©0(0,z;u) = f(z), f € Dom(LX),

where T" > 0 and u € U are to be understood as exogenous parameters. We recall the notion of
an important solution concept in the following

Definition 4.1. A classical solution of (CPr,) is a C'-function [0,T] — Dom(£¥) C
Coo(DX) 1t (1, -; u) satisfying (CPr_,).

Consider a measure P, € MP(£,Dom(£)). In the next result we derive the characteristic
function of the one-dimensional distributions of the process Y under P, .
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Theorem 4.2. Let z € D, T > t* > 0 and u € U be arbitrary and consider P, € MP(£,
Dom(£)). Suppose that for all f € Dom (LX) there exists a classical solution of Cauchy

problem (CPr_,). Then it holds that
(4.6) E, I:e<u7}/t*>:| = o (t*, 3 u)e(q,z;(t*,u)ﬂ)7

where (-, u) : [0,00) = C™ solves the system of generalized Riccati equations @3) and where
o*(t,z;u) =E, [exp(fot F(X,¢(t — s,u))ds)} ,t€10,T).

Comments. The product structure in (@.6) is very convenient for computing Fourier-Laplace
transforms. In a first step one computes the function v (¢, w) by solving the generalized Riccati
equations (@.3), analogously as in the standard affine case. In a second step the function ¢ is
either computed using Monte Carlo techniques or, under the added regularity of Proposition 4.4}
as a solution of the Cauchy problem (@.9) below. The complexity of this step depends on the form
of the generator £X (note that Dom (€% ) C Dom(£X)): if X is a finite state Markov chain, then
(49) reduces to a set of ODEs; if X is a diffusion process, it is a linear PDE of parabolic type,
etc.

Proof of Theorem{.2) Fix an arbitrary u € U and let {p*}ren be a sequence of functions
ke CDO(DX ,0< pF <1 increasing pointwise to 1px. Use ¢*(-;u) to denote the solution
of (CPz_,) with initial value ©*(¢,z;u) = p*(x) and note that there exists a unique solution
to @) Accordingly, introduce for each k € N the function g% : [0, 7] x D — C by

gk (t,2,y) = @M (t, 2y u) eV,

For any u € U it holds that ¢ (¢,u) € U for all ¢ > 0 (cf. [17} Proposition 6.4]). Our aim is to
show that for any fixed 0 < ¢* < T the process given by

4.7 gt —t,X,,Y,), telo,T),

is a complex-valued martingale. Note that

¥ ()95t 2, y)

= gu(t,z,y) (F(z,9(t,u)) + (R((t,u),y)),  V(t,z,y) € [0,00) x D.

Using that [0, 7] > t + " (¢, -;u) solves Cauchy problem and the generalized Riccati
equation (&3) bring us to

(&Y + &% (@) — dngk(t,z,y)
= W (EX — 0y (1w u) — (Dbt u), 9 gkt w,y) + £ X (@)gh (¢, 2, y)
—gu(t, 2, y) (F(z,9(tw) + (R($(8w),y) + X (2) g5 (t 2, y).
Together with Equation {8)), we consequently get
(0, + &5 + eYX (@) gk (t* — t,2,y) =0, Y(t,z,y) € [0,00) x D.

Thus, @.7) is a martingale by Corollary 3.3]
Next, we resort to the Feynman-Kac Theorem (see e.g. [[11, Theorem 17.4.10]) to obtain the

(4.8)

representation ¥ (t, z;u) = E, [p’“(Xt) exp( [ F(X,,(t — s,u))ds) |, where the value of
the expectation is invariant with respect to . Using monotone convergence and the conservativeness
of (P/X), we see that limy_,o ©*(t,z;u) = ¢*(t,z;u). Consequently, L!-convergence of
gF(t* —t,X,,Y;) as k — oo gives us that o*(t* — t, X u)elVE —twWY) 0 <t < Tis a
martingale and taking expectation over {@.7) for t = ¢* leads to

E, [¢5(0, X;», Vi) = E, {ew,m)} — gu(t*,3,1).
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Remark 4.3. From the above proof we see that the assumptions of Theorem (4.2 can in
principle be weakened. In fact, the crucial condition to arrive at (.6) is that t — ©*(t* —
t, Xy; u)e<w(t*’t7“)’“> is a martingale, which is guaranteed by the solvability of (CPr ).

Proposition 4.4. Let ©*(-;u) be the function studied in Theoremand suppose that
(i) for any x € DX, p*(-,z;u) € C1([0,T)),
(ii) for any t € [0, T}, F(-,9(t,w)), ¢*(t, s u)F (-, (t,u)) € Cy(DX).

Then ©*(+;u) solves the following Cauchy problem (involving £X instead of £X)

@49 O (taiu) = X9 (L asw) + 9" (L s u)Fz,d(t ), 9*(0,5u) =1,

Remark 4.5. Note that if all z-admissible parameters are constant, then (@.9) reduces to a linear
ODE, and we are back in the standard affine case.

Proof of Propositiond.4, We fix an arbitrary ¢ € [0,7") and consider some small s € (0,7).
Straightforward computations show that

R€X<p*(t7 7u)($) - Sﬁ*(t, €L U)

S
IH—S F (X, )(t+s—ru))dr (e_ f(: F(Xpp(tt+s—ru))dr 1>:|

0 )

1
+ 5By {6
where the first term converges by assumption |(1)| to d;¢* (¢, z;u) as s — 0+. Regarding the
second term, we yet again consider the limit as s — 04, and using dominated convergence along
with the fact that X has cadlag paths said limit is equal to

e s—ru))dr 1 -7 . s—r,u))dr
E, {hm T PO s —raar 1 (e Ji PG ers—radr 1)]
’ s—0+ S

tF X, —r,u))dr
= Euy) [efo Pt F(z,w,u))}
= 790*(t7 Z; U)F(I7 ¢(t7 U)),
and so we get by conditionthat ©*(t,-;u) € Dom(£%). O

It is shown in [27, Section 4.4] (in particular Theorem 4.4.2), that if any two solutions
for the martingale problem associated with (£, Dom(£)) generate the same one-dimensional
distributions of (X,Y), then the martingale problem is well-posed and (X,Y") has the strong
Markov property. In fact, the one-dimensional distributions of (X, Y") can be characterized by
similar arguments as in Theorem .2} which gives uniqueness for the martingale problem and
hence establishes existence of MMAPs. Given their importance for our purposes, we summarize
these results in the following

Theorem 4.6. Suppose that the assumptions of Theorem[.2|hold. Then, the martingale problem
Jor (£,Dom(L)) is well-posed and there exists a Markov-modulated affine process (X,Y)
corresponding to (£, Dom(L)). Moreover, (X,Y') has the strong Markov property.

Proof. Fix arbitrary u € iR", f € Dom(£X)andt € [0, 7). Similar to the proof of Theorem
we then introduce the process

55(15 - 57X37Y9) = Sﬁf(t -5, Xs; u)ew)(tis’u)’yﬁa ENS [O,TL
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where o/ (-, z;u) solves with o/ (0, 2;u) = f(x), for any € DX. The process
Gl (t — s,X,,Ys),s € [0,T] is a martingale for any measure solving MP (£, Dom(£)). So, for
arbitrary z € D, we pick any two PL, P2 € MP(£, Dom(£)), where we denote the corresponding
expectations with E! and E2, respectively. We then have that

E! [f(Xt)(:’(uth)} —gl(t,z,y) = B2 {f(Xt)ew,m} '

Since u,t > 0 and f € Dom(£X) were arbitrary, we conclude that the one-dimensional
distributions of (X, Y") with fixed starting point z are the same under any solution to MP (£, Dom(£))
and with Theorem 4.4.2.a of [27] we arrive at the well-posedness of the martingale problem.
The strong Markov-property of (X,Y) under (P,).cp C MP(£,Dom(£)) then follows from
Theorem 4.4.2.c of [27]. O]

In light of the extensive class of possible models for X together with the weak assumptions
on the z-admissible parameters, it is challenging to fully characterize solutions of the Cauchy
problem (CPr_.)). We are, however, in a position to formulate easy to verify sufficient conditions
for the existence of solutions to (and accordingly for the existence of MMAPs). These
conditions depend solely on the regularity of the x-admissible parameters and do not require any
further assumptions on £%.

Proposition 4.7. Suppose the parameters (a, o, b, 8, ¢, v, m, i) underlying (£, Dom(£)) satisfy
the following conditions,

(i) for any x € DX,
Lo 1eimed) < o
D¥\Qo

where Qo = {C € DY | |G| < 1,1 <i <n}\{0},
(ii) F(-,u) € Coo(DX) forall u € U.

Then for all f € Dom (LX) there exists a classical solution of Cauchy problem (CP1.u), and thus
there exists a Markov-modulated affine process corresponding to (£, Dom(£)).

Proof. Fix arbitrary u € U and T' > 0. Introduce the vector-valued function G via
G : [0,T] x Co(D¥) = Coc(D¥) : (1,0) = @F (-, (1, ).

The moment condition in|(i)|ensures that F'(-,u) € C*(DY") (cf. [17, Lemma 5.3.ii]), so that G is
Clinits firstargument. Further, the function G is continuously Fréchet-differentiable in its second
argument and due to conditionthe derivative takes values in C, (D). Thus, by Theorem 6.1.5
of [48] there exists for any f € Dom(£%X) a unique classical solution [0,T] > t — ©(¢, -;u) to
Problem (CPr_,)). The result then follows from Theorem 4.6} O

Solving the Cauchy problem is of course substantially simplified in specific applications with
narrower model assumptions. For example, if X is a diffusion, then Problem reduces to
a PDE. In such a case, conditions for the existence of a classical solution to the above Cauchy
problem are available in various degrees of generality, but are usually similar in character. The
coefficients of £ typically need to be locally Lipschitz, grow at most linearly and suffice a
local ellipticity assumption. Regarding the perturbation controlled by F', common assumptions
translate to the boundedness of DX x [0,T] > (z,t) — F(x,%(t,u)), and to the condition that
F(z,4(t,u)) is locally Lipschitz (Holder) in « (¢). See e.g. [40, Chapter V] for further details.
Some classical references on more general Cauchy problems are [48]], [55]], [26] or [57]].

We now take up Example[2.6]and demonstrate how our results can be used to show existence of
certain Markov-modulated affine processes whose coefficients do not obey the standard continuity
assumptions frequently found in SDE theory.
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Example 4.8. In light of Theorem [£.2] we have that

2

U e — 1 —uyx(x
F(z,u) = l{mzo}? + ]]-{$<O}—()-

x2

Recall that in a neighborhood around zero it holds that x(z) = x, and so with an application of
L’Hopital’s rule we get

et — 1 —ux u?

lim ——— = —

z—0— 2 2’
for any u € U, so that F is continuous on R x Y. Let f € C?(DX) be arbitrary, then (CP7,)
reduces to

(at - 805:1:)90(t7x7u) = cp(t7:r7u)F(x,u)7 30(07.%,’&) = f(;v),

which is a perturbed heat equation, for which exists a classical solution according to [48|
Theorem 8.2.3]. Thus, an application of Theorem [.6| shows the existence of a Markov process
with properties outlined in Example [2.6]

5. Further properties

In this section we study further properties of MMAPs. In Section[5.1|we give conditions ensuring
the Feller property of strongly regular Markov-modulated affine semigroups. Sections[5.2and[5.3|
discusse the semimartingale property of MMAPs and the existence of real exponential moments,
respectively.

5.1. Feller Property

An alternative approach for studying the existence of (at least strongly regular) MMAPs, is
to apply the theory of Hille-Yosida to show that (£, Dom(£)) can be uniquely extended to a
generator of a strongly continuous semigroup. Since the operator £% may be unbounded, this
inherently analytical task is challenging. Using Theorem [3.4] and Theorem [.2] we now show
the Feller property of a strongly regular Markov-modulated affine semigroup by probabilistic
arguments. Recall that a strongly regular MMAP has continuous z-admissible parameters (note
that the Feller property requires that £(Dom(£)) C C(D)). Detailed discussions and results
on the generator of Feller processes can be found in e.g. [52]], [51], [53]], [50, Chapter VII] or
[39].

Proposition 5.1. Suppose the assumptions of Theoremhold and that the parameters (a, o, b, 3,
¢, vy, m, p) underlying (£,Dom(L)) are strongly x-admissible. Then the Markov-modulated
affine process (X,Y') corresponding to (£,Dom(L)) is Feller.

Further, let (L,Dom(L)) be the infinitesimal generator of the associated Feller semigroup.
Then Dom(£) is a core of L.

Proof. Theorem gives the existence of a sub-Markov semigroup (P;);>o corresponding
to (X,Y). To show the strong continuity of (P;);>o, we rely on the classical result [50,
Theorem I11.2.4], according to which the property that lim;_,o1 P;f(2) = f(z), Vz € D and
any f € Cuo(D) is sufficient for strong continuity. We take up the definition of the set O from
the proof of Lemma and pick an arbitrary f = fh € ©g. We further fix arbitrary 7' > 0 and
u € Y. Similar to the proof of Theorem[d.2] we then introduce the process

E{j(t —5,X,,Ys) = gaf(t — 5, Xs; u)ew(tfs’“)’yb'% s €[0,T],

where 7 (-, ;3 u) solves (CPr_,) with o/ (0, 2;u) = f(z),forany z € DX. By asimilar argument
as in the proof of Theorem 4.2} the process g/ (t — s, X,,Ys), s € [0,T], is a martingale. So,

u
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for any (z,y) € D, and appropriate g € C°(R"~ ™), v € C™_ (compare with the definition of
©y), it holds that

~ . + .
Pfea) =B, [706) [ el 070 gy
= E. g . (0,X,,Y)| d

- z g(v,lq) sy Aty Lt q

=/ o (s, ig)el DY g(g)dg,

where the second equality follows from Fubini’s theorem. Recall the definition of functions F’
and R in @#.2)-@3). Via an application of dominated convergence, we then obtain

8?Ptf(a?,y)|t:0—/ ) oF {@f(t7$;U,iQ)GW(t’U’iQ)’wQ(@}|t:0dq

/, (25 (0,250, iq) + 7 (0,230, iq) F (2, 4(0, v,iq))) V001 D0)
+ (R(1(0,v,1q)), y)e P OO0V oI (0, 250, iq)g(g)dg

= /n_m (&X f(x) + F(z,v,iq) + (R(v,iq), y) f (x))e! "DV g(q)dg

= £f(z,y),

which implies bp-lim; o, P; f = f. The remaining arguments are identical to the ones from
the proofs of [17, Proposition 8.2] and [28, Proposition 6.3] by noting that the linear hull of
Oy is dense in Coo (D), and so we conclude that (P;);>o is a Feller semigroup. Finally, the
well-posedness of MP (£, Dom(£)) (see Theorem (4.6) implies that Dom(£) is a core of L, cf.
[47]. O

In summary, the continuity of z-admissible parameters and the conditions from Proposition[4.7]
are sufficient for (X, Y") to enjoy the Feller property.

5.2. Semimartingale Property

MMAPs can in general explode and get killed, both of which prompt a transition to the cemetery
state {A}. To formalize these concepts we introduce various stopping times; our definitions
follow [10]. First, we define the lifetime of Y as

Ta:=inf{t >0]|Y;, = A}
Second, we let ||A]| = oo and we introduce the following sequences of stopping times,
Ty :=inf{t >0 | ||Ys_|| > kor ||Y;|| >k}, keN,

T = {T’é’ M <Tar pen,
00, ifT] =Ta,

Moreover, we define the explosion time of Y as T, := limy_, o T),. Then the process Y explodes

if and only if T, < oo; killing corresponds to the event Ta < 77, and a trajectory of Y belongs

to DY for all t > 0 if and only if Tao = T, = co. By construction, as (Tj A k) announces 7T,

the explosion time is predictable, which allows us to stop Y at a time before 71, and to work on

[0, T ) for studying the semimartingale property.

Proposition 5.2. Let (X,Y') be a Markov-modulated affine process with x-admissible parameters
(a,a,b,B,¢,v,m, ), where c¢(-) =0and v = 0. ThenP,(0 < Ta < Two) = 0 (no killing) and
the process Y is a DY -valued semimartingale on [0, T ).
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If in addition (a,a,b,B,c,v,m,u) are strongly x-admissble, then Y admits the {F;}-
characteristics (B, C,v) with respect to the truncation function x. Here

t ~ ~

(5.1) B, = / 1per.) (0(X,) + BY:)ds,
0
t m

(5.2) Cy = 2/ Tiery (a(Xs) + Z oziysﬁz) ds,

0 i=1
(53) V<dt7d§) = ]l{t<Tco} <m<Xt7 dg) + Zn-"_,lul(dg)) dt7

i=1

where the function b : DX — DY is given by b(z) = b(x) + ny\{O}(XI(E),O)m(x, d¢), and
where

Bri =

5 Bri + (1 — 0p1) f’DY\{O} Xk (§) i (dE), flel,
B, ifle J, forl <k<n.

Proof. At first we show that P,(0 < Ta < Ts) = 0. We use a similar argument as in
the proof of [10, Lemma 3.1]. Take a sequence (g;) € C*(DY) with 0 < ¢; < 1 and
g = 1lon D, :={y € DY | |ly|| < I}. Note that g;(y) = 1 for [ large enough and that
lim; o0 91(Yint,) = Lyea, <74} P2-as.. For each [ we obviously have that g; € Dom(£),
where we tacitly think of (z,y) — ¢;(y) as a constant function in 2. Since X is conservative, we
have £X1 = 0 so that the process given by

t
M} = gi(Y) — auly) — / S IX (2)gu(Yy)ds, t>0,
0

is a martingale. Take [ > k and recall that ¢ = 0 and v = 0. It then holds that
tAT},
My, =aVur)=a - [ ([ (@40 - Dm(x.,do)
0 D

Y\Dj—g
m
oy

Note that for any ¢ € 7 it holds that

(1(Ys +C) — 1)Y,jui(dg)>ds.
Y\Di_g

tATy ) tAT
(5.4) / / (Vs +€) — 1Y pi(d)ds < k / j(DY\ Di_y)ds,
0 DY\Dy_, 0

which converges almost surely to 0 as [ — oo by Lebegue’s dominated convergence theorem.
A similar argument also applies with m(Xs, -). Moreover, for fixed k < [, with inequalities of
type (5.4) it is easily seen that almost surely

|MtlATk.‘ < 1+t

for some constant c;. Thus, _Mtl/\Tk converges in L' t0 1 — Lyyary<ray = L{o<Ta<tnTy}

as [ — oo for all £ > 0, which shows that 1o<7,<.A7,} is @ martingale. However, as it is

non-increasing it needs to be almost surely constant, which implies P, (0 < Ta < Ts) = 0.
Next, for u € R™ we introduce the process

A(u)y :=i{u, By) — %(u, Cu) +/ (e“uﬂ> -1- z(u,x(y)}) v([0,t] x dy), t€[0,Te),
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where B,C and v are as in (3.I)-(3.3). Note that A(u fo (Xs,u) + (R(u), Yy)ds,

where F' and R are specified in @.2) and @3)-E4). respectlvely The process e*(*Y) —
Jo £YIX(X,)e®Ye) ds is a martingale on [0, T, ) by Corollary‘ 3.5] And, for¢ € [0,T)

t t
JW“N:/SWHXQ&W“MS:JW“t:/&W%NFQQU%HR@%KD@
0 0

t
:euu,m_/ YD) dA ().,
0

and the result follows from Theorem I1.2.42 of [34]. ]

We continue with a few implications of Proposition First, take the characteristics (B, C, v)
from Proposition set Je(x) := D <;(AYs — x(AYj)) and denote the integer-valued random
measure counting the jumps of Y by m(ds,d(). Then, we obtain the following canonical
decomposition of Y,

(5.5) Y=Yy +Y°+ //D\{} w(ds,d¢) — v(ds,dC)) + J(x) + B,
Y\{0

where Y¢ denotes the continuous local martingale part of Y, so that (Y€ Y7¢) = C¥ for
1,7 € ZU J. Second, as a conservative Feller process with cadlag sample paths, X is a
semimartingale (cf. Lemma 3.2 of [53]). Hence under the assumptions of Proposition @, we
have that Z = (X, Y) is a semimartingale on [0, T).

5.3. Exponential moments

In this section we resort to classical semimartingale methods in order to study real exponential
moments of Y. For this we need a variant of (CPz_)), namely

O, 5(t, w;u) = LXP(t, myu) + Gt a;u)F(z, ¥(t,u), tel0,T], z e DX,

CP;
() { B0, ) = 1,

with T' > 0 and where F' is as in Theorem . 2} albeit with the modification that u € R, a
where 1/) is analogously a modification of v, that is w [0,7] x R™ — R™ solves

(5.6) 0t u) = R, ), $(0,u) =u
We define a classical solution of (CP7 ) analogously to the previous case of (CPr_4)).

Proposition 5.3. Let z € D, T > t* > 0 and u € R™ be arbitrary and consider P, € MP(£,
Dom(£)). Further, let (X,Y) be a Markov-modulated affine process, where in addition Y is
a DY -valued semimartingale with {F; }-characteristics (B, C,v) given by (S1)~(5.3). Suppose
that (-, u) is C* and solves @3) and that the function [0,T] — Cy(DX) : t — F(t,-3u)
is a classical solution of . Suppose the parameters (a,,b, 3, c,v, m, ) are strongly
x-admissible and further satisfy the following conditions,

(i) ¢(-)=0and v =0,
(ii) f{|<|>1} eSO m(z, d¢) < oo, V(t,x) € [0,T] x DX,

(iii) f{<k>1} Gee 0 1 (dC) < 0o, 1 <k, 1 < m,Vt €10,T).

Then,

E, [600)] = 5t a5 e

*

7u):y>'
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Proof. Fixanarbitrary t* € [0, 7] and use ;X to denote the P,-completionof o( X : s € [0, ¢*]).
Conditional on F;X, Y; is distributed as a time-inhomogeneous affine semimartingale evaluated
at t*, the exponential moments of which are handled in [35]]. Within our setup, we readily fulfill
the conditions 1, 2, 4 and 5 of [35, Theorem 5.1]. Regarding condition 3, we introduce the
function ¢ : [0, 7] x R? x Dpx — R via

t
Pt f) = [P0 sw)ds
0
Then, an application of [35 Theorem 5.1] gives that

E

. [ew,m |;§} — P X)H (B ) )

We need to show that E, [e”’o(t*’"’x) = @(t*,x;u) in order to conclude the proof. To do
s0, note that by assumption ¢ solves (CP7. ) and by an application of Corollary (3.5 we get the
martingality of

t ~
MY = o(t* — t, X¢;u) —|—/ ot — s, Xg;u)F(Xs, 0(t* — s,u))ds, te€[0,T].
0

Integration by parts and collecting terms gives us

P(t" —t, Xy;u) exp (/t F(X,, 0(t* — s, u))ds)
0

t s ~
5.7 = / exp (/ F(X,,d(t* — ’I“))d?“) dM?.
0 0

The local martingale in (5.7) is in fact a true martingale since the integrand is bounded and since

M¥ is a square integrable martingale (cf. [49, Theorem IV.11]). So, by rearranging and taking
expectations we arrive at the desired result. O

The general results of the appendix of [17]] provide further conditions for the characterization
of exponential moments of Y;. To begin with, let U C C” be an open neighbourhood of 0. If
in addition to the assumptions of Theorem o(t,-) and ¥(t,-) have analytic extensions on
U x DX and U, respectively, then the exponential moments L [e(wY®)] are finite for all

z,y

u e 1/ ) Rn,(x,y) & Z)X X Z)Y’ ) <t< l . Moreo e,und he same o, .
that - VEr (S con l
(I,y) <u,Y> #(ivx,u)e«p( fu),y),

for all w € U such that Re(u) € U NR", (z,y) € DX x DY. As the function 1, or more
precisely the system of generalized Riccati equations defining it, is the same as in the standard
affine case, we can outsource the study of suitable extensions for ¢ by referencing existing results,
most notably the systematic treatment of exponential moments of affine processes in [36]]. The
study of regularity properties of u — (¢, x;u) on the other hand is not straightforward as ¢ is
defined via the rather general Cauchy problem (CPz.,).

6. Applications in Mathematical Finance

In this section we discuss applications of MMAPs in mathematical finance. Our goal is to
illustrate the wide range of modelling possibilities offered by this class of processes. We begin
with an extension of Theorem [{.2] that enables us to solve many pricing problems with Fourier
inversion techniques. Moreover, we consider in detail a model for the joint pricing of bonds,
equity options and credit derivatives that captures many stylized facts of financial data and we
sketch several further applications. Throughout this section we fix some z € D and assume that
(X,Y) is a Markov-modulated affine semimartingale under P, .
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6.1. Derivative pricing via Fourier inversion techniques

In many financial applications one needs to evaluate expectations of the form

60 Qi) =B, o | tL(n)ds) FT], 020, € BiD)

for an affine transformation L : DY — R, y — L+ (\y), for some | € R, A € R™. This
can be done efficiently via Fourier inversion techniques. For this we need to compute for all
(q,u) € iR% x iR™ the expectation Q;f(9%)(z) where f(4%)(z,7) = e!(&W-(=¥)) = As in the
standard affine case, this can be achieved using simple modifications of the functions F' and R
(see @2)—({@-4)). Replace F(z,u) by F(x,u) = F(xz,u) + [l and R(u) by R(u) = R(u) + A in
the equations of Theorem fix some ¢ > 0, pick arbitrary (u,q) € U x iR% and suppose @ is
a classical solution of

(05 — LX) 35, 2,u) = B(s, 2, u) F(z,9(s,u)),  $(0,2,u) = 2%, ¥z e DY,
with

3315(37 u) - E({E(Sv U’))) 1?(07 u) =u.

Then, a similar argument as in the proof of Theorem {.2]shows that
t ~
(6.2) E, {exp (/ L(Ys)ds) e«q’“)’(x“yt))] = @(t,x,u)ew“’“)’y).
0

Suppose there exists analytic extensions of G(t,x,) and 9(t,-) to some u € C™\U, then the
transform formula (6.2)) also holds for this particular .

If P, is a risk-neutral pricing measure, then expectations in the form of Equation (6.1)) are
typically understood as the price of a financial instrument with payoff f (X}, Y;) and with risk-free
short rate —L(Y5). Suppose Y; represents the value of some underlying and we are interested in
the price of a derivative with payoff h(Y}), then it is common to find a representation of & in the
form of

h(y):/ et AvY) b (v do,
Ra

for some matrix A € R™*9 with ¢ < n, for an appropriate integration kernel i : R? — C, and
where u is chosen such that E, [e{*Y*)] < co. The integration kernel  can be determined by
Fourier-inverting i. For many popular payoft functions, such inversions are explicitly available,
see e.g. [29, Section 10.3.1] for univariate examples or [20] (and the references therein) for
multivariate payoffs. In such a setup, QQ;h reduces to

(6.3) / otz u+ Z’Av)e<$(t,u+iAv)>y>E(U)dv’
Ra

which is easily computed using numerical integration.

6.2. Joint Pricing of Equity Options and Credit Derivatives

Next we show how Markov-modulated affine diffusions can be used for the joint and dynamically
consistent valuation of equity and credit derivatives written on the same underlying firm. More
precisely, we consider a firm that may default at some doubly stochastic default time 7 (see e.g.
[46, Chapter 10.6]) and we introduce a model for the joint dynamics of the risk-free short rate
r, of the hazard rate v of 7, of the pre-default logarithmic stock price p and of the stock price
volatility v. In this section we view P, as risk-neutral pricing measure. One salient feature of
our model is that it allows for negative association between the risk-free short rate and the firm’s
hazard rate as well as its volatility process. Modelling negative dependence between positive
diffusions (i.e. processes of ‘CIR-type’) is not feasible within the standard affine framework, see
e.g. [18]]. Here we overcome this well-known drawback of affine processes rather naturally via
the common dependence of the positive processes on the modulating process X.
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The Model. We suppose that X is a solution of the following SDE,

(6.4) dX; = —k(X; — 0)dt + o/ X (1 — X3)dW,,

for some standard Brownian motion W~ and with parameters 6 € [0, 1], x, o > 0. It follows that
X is a Jacobi process on the state space DX = [0, 1] with

eX f(x) = —k(x — 9)827(;) + %02(1‘(1 - x))aafx(f), f € Dom(£¥) c C*(D¥).

The risk-free short rate r and the firm’s hazard rate v are given as weak solution of the
following SDEs,

(6.5) dry = (by + b, Xy + Bore) dt + V20,1 dWY
(6.6) dye = (by + by (1 — Xy) + Byye) dt + /20,7, dWY,

for indgpendent one-dimensional Brownian motions W and W7 and with constants c,., .y > 0,
by, b.,by,by > 0and 3,3, € R.

We consider the following extension of the Heston model for the pre-default dynamics of the
logarithmic stock price p and its instantaneous variance v

1
6.7 dp; = (Tt + 7= 2Ut> dt + /v dWY,
(6.8) dvy = (by + by (1 — Xy) + Bovy) dt + 20,0, dWY,

where WP and W are two Brownian motions with correlation p € [—1, 1]. Moreover, we have
constants o, > 0, b,, b, > 0and 3, < 0. We assume that at 7 the stock price jumps to zero, that
is we assume that S; = 1.~ yePt. This gives the following stock price dynamics

TNt
(69) dSt = TtStdt + ﬁstde - StfthT with MtT = l{rgt} - / ’YSdS.
0

Note that .S is a martingale which justifies the interpretation of P, as risk neutral measure. The
exogenous process X can be viewed as state of the economy, with values close to 1 (0) representing
expansion (recession). Note that the drift of r is increasing in X; while the drift of -y is decreasing
in X;. The opposite impact of X on the drift of «v and r allows to model negative association
between the short rate and the hazard rate. This phenomenon is empirically well documented, cf.
[42] or [16]]; it might be due to the fact that in times of financial crisis where hazard rates are high,
central banks typically lower the reference rates. Moreover, the proposed specification creates
natural dependence between the risk-neutral probability of default and the return distribution of
p: as the economic environment worsens (X decreases), the risk of default increases, as does the
volatility of the stock returns. Stock option pricing with credit risk is for example treated in [7]]
or [9].

Mathematical aspects. Next we show that the dynamics (6.4), (6.5), (6.7), (6.8) fit into our
framework of Markov-modulated affine processes. First note that X is a polynomial process
(see [14]]) with compact support, and as such it is Feller (cf. Proposition 4.1 of [[1]). The coefficients
of X satisfy the regularity assumptions of Theorem 8.2.1 in [27]], so that C°(D*) is a core of
(£X,Dom(£X)). Overall, Assumption [2.1|is met. Next we let Y = (Y1, V2 V3 YT =
(r,7,v,p)" sothat DY =R} x Randm = 3,n = 1. Set

a, 0 0 0 0 0 00 00 0 0
1o 00 o0 ]0 a, 00 loo o 0
1o 00 0l ?T(o 0 0o ®T|o0 a
0 00 0 0 0 00 0 0 Jayp 1/2
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b+ b Br 0 0 0

- b7+b7(1—a:) 10 5B, 0 0
b(]}) Bu + bv(l _ 33) b 6 - 0 O Bv 0 9

0 1 1 -1/2 0

and let & = (a3, a9,a3). With these definitions the dynamics of Y are governed by the z-
admissible parameters (0, «, b(x), 3,0,0,0,0).
The Cauchy problem (CPr ) reduces to the following second order PDE,

at@(u Z‘,U) = _"i(‘r - 0)8$Q0(t,$, u) + %0'2(I(1 - x))aww@(ta x?”)

+ ot @, u)((b(x), P (t, u) + (a(@)(t,u),(t u)), wel,
gO(O,(E,U) :f(x)v fECz([O, 1])

The existence of a classical solution to the above PDE follows from Proposition

Derivative pricing. We work on an enlarged filtration Gy = 73 V 0(l{;<53 : 0 <5 <), ¢t >0
where (F%) is the filtration generated by the processes Z = (X,Y), so that (G;) contains
information regarding the occurrence of default. Here we discuss the pricing of so-called survival
claims with payoff Hy = 1¢,~7)h(Yr); simple examples would be a call option on the stock
where h(Y7) = (eP” — K)™ or a defaultable bond with zero recovery where h(Y7) = 1. Recall
that IP is the risk neutral measure. Hence the price of a survival claim is given by

T T
E. |1r>rye s rSdSh(YT)} =B, {6_ J (TSMS)dSh(YT) )

where the equality follows from standard results for stochastic hazard rate models (see e.g. [46l
Chapter 10.6]). The right hand side can then be computed via Fourier pricing using pricing can
then be done via Fourier pricing and evaluation of relation (6.3). In our model the function 1
is explicitly available (as in the standard Heston model) as is the transform h for several popular
payoff functions. The one-dimensional PDE for ¢ can be efficiently solved with numerical
methods such as [4]]. Alternatively, the theory of BSDEs provides a probabilistic dual perspective
of such PDEs, which is studied in [23| Section 4]. More recently, [32] use such a BSDE approach
to design deep learning methods to efficiently solve semilinear PDEs. Finally, the integral in (6.3)
can be handled with standard Fourier methods as outlined in [8]], [41] or [2]].

Extensions. Methods for pricing credit derivatives where the payment occurs directly at 7 (as in
the case of a credit default swap) with a transform formula such as (6.2) are presented in [31].
The above example allows for an immediate extension to a multivariate setting with hazard rates
AL, ...,4™, where for each i € T the process v¢ follows a model of type (6.3) (albeit with
different parameters and with Brownian motions independent of each other). Such a specification
provides a useful framework for the analysis of portfolio credit derivatives. Conditional on X, the
hazard rates are independent and default dependence amongst the individual firms is generated
via their respective loadings on the common factor process X. [31] use a similar setup with X
replaced by a finite-state Markov chain for the pricing and analysis of European safe bonds.

6.3. Further Applications

We end this section by sketching two further possible use cases of MMAPs. The first example deals
with Markov-modulated Lévy processes and the second one with Markov-modulated Hawkes
processes.

Subordination techniques are a popular approach to build tractable multivariate models for
financial assets (see e.g. [44] or [45]). However, the flexibility of subordinating Lévy processes
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is limited by the fact that the resulting process is typically again of Lévy type. Instead, by
using MMAPs it is feasible to construct a larger class of processes, even if the underlying
modulated process is conditionally of Lévy type. Additionally, with our class of processes we
can precisely target certain aspects of the joint multivariate distribution. As an example, we
consider Y € R™ as a model for the log prices of n assets and where we aim at jointly controlling
the tail behaviour of the n assets solely via their driving process X. We assume that for each
i € {1,...,n} the entry Y is a pure jump process, and g; is a random measure selecting the
stochastic jump times and sizes of Y, thatis ), (Y/ - Y/ ) = fot fR\{O} Coi(d¢,ds), for
t > 0. The compensator of o;(dC,ds) is m;(X¢, d¢)dt, where X is some exogeneous Markov
process satisfying Assumption We further assume that

C;

(n{ko}e—ci(mm N 1{C>0}6—M¢(m)|4|) i, weDX,

with constants C; > 0, 171 < 2 (note that C; and YZ can of course also depend on x, but for the
purpose of this example we choose to work with the given simplified setup) and G;, M; € Cy (D)
with G;(x), M;(x) > 0 for each x. For fixed x, m(x, d() is the Lévy kernel of a CGMY process
(cf. [6]). Symmetry of the return distribution is controlled by the parameters G;(x), M, (x), while
for Y; < 0 the process Y has finite activity (otherwise it has infinite activity). Suppose that
the differences M;(x) — G;(x) > 0 increase with z for each ¢ € {1,...,n}. Then, in such a
specification the left tails of the assets returns get heavier as X increases.

Recently, Hawkes process have received a lot of attention for stock price modelling, both from
a statistical perspective and for the purpose of option pricing (see [3], [33]] [21] or [22]). The
framework of MMAPs allows the extension of affine Hawkes processes (i.e. Hawkes processes
with exponential excitation kernel) to the situation where the jump intensities depend on an
exogenous Markov process. For that, consider self-exciting counting processes (Y1,...,Y*)
with values in N¥ with respective intensities (Y**1 ... V™), where m = 2k. We further
consider a Markov process X which is in line with Assumption[2.1] The intensities are given via

ayp+ bt (Xo) v+ av;
L= : +8| dt+s| o |,
dy;" bin (X2) v V)
where by 1, . . ., by, are positive bounded (sufficiently regular) functions on DX, with = Rix k,

and where 8 € R¥** is a matrix fulfilling the assumptions of its notational equivalent in
Definition We introduce the auxiliary index set J := (k + 1,...,m). Subsequently, the
generator of (X,Y) is given by

SXf(l‘,y) + <(bk+1(x)7 s 7bm($)) + ﬁyja Vﬁf(x’ y)>

k
+ Z(f(z,y +ei+01ier + o+ Okiem) — f(2,9))yirk, [ € C2D).
i=1

We use 3° € R™*™ to denote the matrix with entries 355 = /3 and zeroes otherwise. Let d,,(d¢)

denote the Dirac measure on DY centred at y. Then, we set i =6 (s k5, ) for j € 7, to
ik, (j—k)

deduce that the z-admissible parameters are

(0707 (Okvbk+1($)u ceey bm(x))7ﬂ0707 07 07 ;u‘)7

where = (O, ftk+1, - - - » fm ) and Oy denotes a vector of k zeroes.

A. Definitions

Let E be a locally compact and separable space.
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Definition A.1. A family (T}).;>0 of linear operators on By(E) is a semigroup, if
To=1d, TTf =TT f =Tiysf Vf € By(E), s,t >0.

A semigroup is sub-Markov, if for allt > 0

(A1) T,f >0, Vfe By(E)with f >0,

(A2) T,f <1, Vfe€ By(E)with f <1.

Property (A.)) is typically referred to as positivity preserving and (A.2) is the sub-Markov
property.

Definition A.2. A Feller semigroup is a sub-Markov semigroup satisfying the Feller property
th € COO(E) Vf € Coo(E)a t> Oa
and which is strongly continuous in C(E), i.e.

lim [T, f — fllo, =0 Vf € Coo(E).
t—0

Note that in the terminology of [27] a Feller semigroup on C (E) is a strongly continuous,
positivity preserving and conservative contraction semigroup. The above definition[A.2]is in line
with the one given in e.g. [S0].

Definition A.3. A C-Feller semigroup is a sub-Markov semigroup satisfying
Tif € Co(E) Vf € Cy(E), t>0,

and for which t — T, f is continuous in the topology of locally uniform convergence in Cy,(E).

B. Additional Proofs and results

Proof of Proposition[3.5] We begin with the situation, where f and g are independent of the time
variable ¢ € [0,00), that is we fix arbitrary f € Dom(£%X), g € CZ(D") and introduce the
process

M9 = f(X1)g(Yr) — f(z)g(y) — /0 (&% + V¥ (2)) f(X,)g(Ys)ds, > 0.

Note that by assumption £Xf € C,(DX). We pick a sequence {f,} C C2(DX) with
bp-lim,,_, . fr = f. By the Feller property of (P;X) we have that £X f;, € Co, (D) for each k.
Since C, (D) is dense in B,(D*) with respect to bp-convergence (cf. [27, Proposition 3.4.2]),
we know that there exists some f € By(D~) with bp-lim;_,. £Xf, = f. Choose arbitrary
t > 0and x € DX and consider

PX fe(2) = fu(z) 1 [°
¢ ; = ;/0 PXeX fr(z)ds.

Take for the above equation the limit ¥ — oo and note that ]BtX fe Dom(f}X ) (see [43l
Lemma 2.2.3]) to arrive at

t o pX _ t

which shows that bp-lim,,_, ., £X f = £X f. Moreover, by Lemma in Appendix [B|we can
pick a sequence (gi) € C2(DY) with bp-lim,,_, _ (gx, £ X (x)gx) = (g, £¥1¥(2)g).
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Overall, bp-limy,_, . (frgk. £fegr) = (fg, (£X+£YX(2)) f¢), and by dominated convergence
(and the associated L' -convergence), we conclude that M/ 7+9 is a martingale. Getting back to the
initial (time-dependent) functions f, g, we fix arbitrary ¢t > ¢; > 0, and we consequently get

Ez [f(tlaXb)g(tlaYl-fz) - f(t17th)g(t17}/tl) | ]:tl]

—E, [ [ @+ @0, Xt Vs fn}

t1

Moreover, by the fundamental theorem of calculus, we have
]Ez [f(tQa th)g(tQa }/t2) - f(tlv XtQ)g(tlv Y;fz) | ‘Ftl]

—E, [ / 075 Xo (s, Vi) ds | fm} :

t1
and so by Lemma 4.3.4 of [27] we arrive at the desired result (set v = 0;fg and w = (Z)X +
£Y1X(2)) fg to be in line with the notation of that lemma). O

Lemma B.1. Letx € D and g € CZ(DY') be arbitrary. Then, there exists a sequence (gi)ken
with elements in C2 (DY) such that bp-lim,,_, __(gr, £ (2)gr) = (g, £YX (x)g).

Proof. As in the proof of [17, Proposition 8.2], we choose a function p € C¢°(R,) with

(r) 1, ifr <1,

)=

r 0, ifr > 5,

aswellas 0 < p(r) < |8 ( )| < 1land|9?p(r)| < 1forall7 € R,. We introduce a sequence
of functions gy € C%(DY), k € N, via

(B.1) () = 9)p(lyll” /F).

It is easy to see that bp-lim;,_, . g = g. Even more so, for arbitrary (z,y) € D it holds that

1Y% (@) (gk — 9) (v)

< 3" Naalloe {120,009 (1 = p(lyl* k)

i,l=1

2lyi +y vyil
+ 2Ty 2 ) U@+ el + Lyl /) ol )

2 n
2 l9lloe 'l /8) Y il
i=1

3 Hazay* {1000 (1 - ool /1)

i,0=1

2[yi +uil Ayiys
+ 2y 2 1) 100, + 00l + 22 /1) Nl )

n

2
+‘%”gWxP%HMF/k)§:|@Uﬁhy+H

i=1

#3101l {189 (1~ ol ) + 22yl ) Ll )

#3169 (1~ ol /59) + 22 ) ol )
i=1
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+ llell oo 19w) = g )] + (v, y)g(y) — gr ()]
4 / oy + (1 = p(ly + <P k) — 9(w) (1 — p(lly]l® /k)
DY \{0}

— (1= pUlylI* /)Y 79(): X7 () [m(x, dC)

n

30 2 ) gl )

j=m+1
*Z/Y\{o} (+ O = pllly + I /1) = 9 (1 = oyl /8)
— (1= oyl /KD 76y9(0)s X (O) 1)

m

2
> W7 /) gl i M

which converges to 0 as k& — oo and so we get bp-lim;,_, . £¥1¥ (x)gp = £ (2)g. O
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