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Abstract

We discuss a model for long memory and persistence in time series that
amounts to harmonically weighting short memory processes, >, x¢—;/(j+
1). A nonstandard rate of convergence is required to establish a Gaus-
sian functional central limit theorem. Theoretically, the harmonically
weighted |[HW]| process displays less persistence and weaker memory
than the classical competitor, fractional integration [FI| of order d. Still,
we establish that a test rejects the null hypothesis of d = 0 if the process
is HW. Similarly, a bias approximation shows that estimators of d will
fail to distinguish between HW and FI given realistic sample sizes. The
difficulties to disentangle HW and FI are illustrated experimentally and
with U.S. inflation data.
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1 Introduction

It is a stylized fact in different fields of science that many time series display
long memory in the sense that the sequence of their autocovariances dies out
only slowly, see e.g. Beran, Feng, Ghosh, and Kulik (2013, Sect. 1.2) for
empirical examples. The most widely used model to account for long memory
is fractional integration [FI| of order d, where the autocovariances at lag h
vanish at rate h?¢~! as h — 0o, 0 < d < 1/2. This is mirrored in the frequency
domain by the spectrum diverging with A=2? as A approaches the origin from
the right. The estimation of d has been subject to intense research over the
last decades, but there seems to be little consensus on how to proceed in prac-
tice. Unfortunately, different researchers therefore measure different degrees of
memory from identical data. Therefore, we suggest and discuss in this paper
a model of long memory that does not require parameter estimation, namely

harmonically weighted processes.

Let {e:} denote a sequence of white noise [WN] with E(e;) = 0. Harmonically
weighted noise, 22;11 J teir—j, shows up in the derivative of the log-likelihood
function of Gaussian fractionally integrated noise, see Tanaka (1999, eq. (40))
and Breitung and Hassler (2002, eq. (3)), and it was used to construct a La-
grange Multiplier test for fractional integration. The autocovariances of this
process are not summable, see e.g. Palma (2007, Prob. 3.15). In the context of
fractional integration testing, Demetrescu, Kuzin, and Hassler (2008) consid-

ered more generally the process Z;:l gt

x;_; where the filtered input {z;} is
assumed to be a stationary regular process with absolutely summable moving
average coefficients and positive spectrum. Demetrescu et al. (2008, Lemma
4) showed that such harmonically weighted processes are characterized by a
sequence of square summable autocovariances. Except for these results, little

seems to be known about harmonically weighted processes [HWP].

The present paper has two main contributions. First, we discuss the persis-
tence and long memory properties of HWP that differ from the well known
features under fractional integration. They are characterized by a singularity
in the spectrum at the origin that is of order In* A for A\ — 0, and the auto-
covariances at lag h vanish at rate Inh/h, see Proposition 1. Consequently,
it follows in Proposition 2 that a functional central limit theorem [FCLT] re-

quires normalization with /T InT where T denotes the sample size. Second,



we address the (im)possibility to discriminate between HW and FI. Specif-
ically, Proposition 3 characterizes the behaviour of the Lagrange Multiplier
[LM] test by Robinson (1991) under the true null hypothesis d = dj if a local
HW component is present. If the HW component is downweighted by 7" with
k < 0.25, then the test still has nonnegligible power against this weaker form
of long memory. At the same time one has to be careful with a rejection of
the null, which may not be hastily interpreted as evidence in favour of d > d,.
When it comes to estimating d, we use a bias approximation in order to show
that disentangling HW and FI is out of reach even for samples of size T' = 10%.
Finally, we illustrate with real U.S. inflation data that the model of harmonic
weighting may in practice do as good a job in accounting for long memory as

the model of fractional integration.

The rest of the paper is organized as follows. Section 2 becomes precise on the
assumptions and contains the properties of HWP in the time and frequency
domains. Further, it discusses the harmonic inverse transformation required
for an autoregressive representation. The third section presents the asymptotic
theory for partial sums of HWP, containing a nonstandard central limit the-
orem |CLT|. Section 4 addresses the discrimination between HWP and FI on
theoretical grounds. Finite sample evidence from Monte Carlo experiments is
provided in Section 5, while Section 6 contains an empirical example. Conclud-
ing remarks are offered in the final section. Mathematical proofs are relegated

to the Appendix.

A final word on notation: Throughout this paper, = stands for weak con-
vergence as the sample size T diverges, 5 oand B represent convergence in
distribution and in probability, respectively, and |x| denotes the largest inte-
ger smaller than or equal to x > 0, x € R. Further, (probabilistic) Landau
symbols O(+) (and O,(-)) have their usual meaning, and ~ denotes asymptotic

equivalence of two sequences or functions.



2 Properties of HWP

In terms of the usual lag operator L we define the harmonically weighted filter
h(L) by the formal expansion of In(1 — L):

R D BECe (1

This defines a harmonically weighted process, HWP, as follows.

Assumption 1 Let
y=p+h(L)z, tez,

where {x;} is a stationary process with mean zero and

- 2 h=0
xy = c(L)egy = chet_j, g~ WN (0,0?), ie. E(gemn) = { o

J=0

and with (co = 1)

ij]cj]<oo and c(l):icj%(). (2)
=0

j=0

The process {x;} behind Assumption 1 is sometimes called integrated of order
zero, 1(0). The restriction of one-summability, Z;’ioj lcj| < oo, is a rather
weak and widely used assumption since Phillips and Solo (1992). All stationary
and invertible autoregressive moving average processes [ARMA| meet (2), since
¢; is geometrically bounded in the ARMA case. We next give properties of

{y;} in terms of {x;} with autocovariances 7, and spectrum f,:

oo 2 (o]
Y2(h) = o? ]E_O cicjrn, h=0,1,..., and f,(\) = o ]E_O cjej’\ L2 =-1

Correspondingly, f, and v, stand for the spectrum and the autocovariances of

{y:}, respectively. The moving average representation of the process is given



by convolution of h(L) and ¢(L),

Ck
Ut M"";O i€t—j 5 j k:0j+1_k37 ()

where {¢;} is the white noise from Assumption 1.

Proposition 1. The harmonically weighted process {y;} from Assumption

1 is covariance stationary with mean p. It further holds

a) for the moving average coefficients that

o 1
b ~ k=0 D)

J J

b) for the spectrum that

£,00 = [ln2 (2 sin %) + (W;ﬂ £00, A>0,

~ In*(\) £.(0), A—0,

¢) and for the autocovariances that

1
vy () ~ 27rfx(0)nTh, h = 0o

Proof. See Appendix.

REMARK 1 Let us consider the special case of harmonically weighted noise,

where z; = g; and 27 f,(0) = 2. It is straightforward to show in this case that

o0 2
. _ ™
'Vy(0>:‘722(]+1) QZUQEa
=0
*y(h)zazi ! :a21i1 h >0 (4)
’ S UFDG+1I+R)  hi g ’

see also Palma (2007, Prob. 3.15).



For the general HW process, we have a spectral singularity of order In? (\) at
the origin. This reflects that the sum over the Wold coefficients diverges at
}']:0 bj = c(1). In that sense, the HW process is
strongly persistent. Further, it displays long memory since Ztho |7y (h)| = o0

logarithmic rate: limy_ ﬁ 3

as H — oo.! For comparison with the traditional long memory model, we
briefly recap the well known fractionally integrated [FI| process {z;} of order
d, for short z; ~ I(d), which relies on the fractional integration operator with
the usual binomial expansion: (1 — L)~ =37, (*jd) (—=L)7.

Assumption 2 Let 2z =p+ (1 — L)z, t €Z,0<d < 1/2, where {x;}

s from Assumption 1.

This FI process {z;} is often called of type I since the work by Marinucci and
Robinson (1999). The Wold decomposition provides z, = p + > 377 Bjer;
with 8; ~ %jd_l, see Hassler (2019, Lemma 5.4). Note that ['(z) ~ z~!
at the origin. Hence, j%!/T'(d) converges to zero (for fixed j) as d — 0,
and HW is not a special case of FI. The spectrum of {2} becomes f.(\) =
(2sin A/2) 7> f,()\), see e.g. Giraitis, Koul, and Surgailis (2012, Prop. 3.2.2).
Consequently, it holds for the autocovariances 7, (h) that v,(h) ~ Cyh?¢=1 for
a constant Cy defined in Giraitis et al. (2012, Prop. 3.1.1) or Hassler (2019,
Coro. 6.1); note that Cy — 0 as d — 0. Consequently, the persistence of the
HWP and its degree of long memory are not as strong as under the assumption

of fractional integration:

2
lim In"()) =0 and lim Inh/h

lim —= =10
] T oaS0 N2 h—oo h2d—1

Jj—00 ]dil

=0 for0<d<1/2. (5)

Although the persistence and memory of FI and HW processes have different
qualities asymptotically, matters may be different in finite samples. Assume
a sample of size T'. One typically estimates spectra at harmonic frequencies
A; = 2mj/T. For that reason, we plot in Figure 1 spectra of HW noise and of
FI noise (d = 0.3 and d = 0.4) for different T (with ¢ = 27), where we focus
on frequencies only up to 7/4. For d = 0.3, the HW spectrum turns out to be
higher than the 1(0.3) spectrum even at \; close to the origin. For d = 0.4,

!Note that our definition of long memory follows e.g. Giraitis et al. (2012, eq. (3.1.1)),
while Haldrup and Vera Valdés (2017, Def. (i)) define long memory by the hyperbolic decay
h??=1 which is characteristic for fractional integration.
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Figure 1: Spectra at A\; = 275 /T for HW noise (solid) and FI noise (dashed)
where 0 < \; < 7/4

the spectra of the I(d) process (dashed line) and the HW process (solid line)
are even closer and hard to distinguish by eyesight, and this will of course be
all the more true when spectra are estimated in practice. We will return to the

difficulties to disentangle the two models statistically after the next section.

Next, we turn to the harmonic inverse transformation [HIT]| of the data that
removes the singularity in the spectrum observed from Prop. 1 a). Thus the

harmonic filter h(L) is inverted to define

g(L) = h(L) = _hl(lL_ L) =1- jzlgj[’j? (6)

where {g;} are the coefficients of the Taylor expansion, and h(L)g(L) = 1

yields the recursive relation

i1
1 ’ Gi

L N S e
jr1 Zgmiv1n e

9j

These coefficients are sometimes called Gregory coefficients, see e.g. Blagou-
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chine (2016), and they are known to be positive, g; > 0. It holds that
g(1) = lim,,; g(z) = 0, see also Blagouchine (2016, eq. (20)). Hence, we
have that > 72 g; = 1, such that the filter g(L) is (absolutely) summable,
and one even knows the rate at which the coefficients vanish, see Blagouchine

(2016, eq. (18)): 1

jIn®j

gj ~ as j — 00. (7)

Since the filter coefficients sum up to zero, it follows for HW processes from
Assumption 1 that g(L)y: = g(1)p + 2; = ;. Hence, filtering the data with
g(L) not only removes the long memory but the mean at the same time. With
the absolutely summable filter g(L), it is straightforward to obtain an AR(c0)
representation for HWP. Under the additional assumption that the spectrum
fz is strictly positive, we have from Brillinger (1975, pp. 76, 77) that {x;}

from Assumption 1 has an AR representation building on

o0 [e.9]

Lt . .
£ = ) :Zajxt_j with Zj|aj| < 00.

j=0 7=0

The convolution of g(L) and (c(L))~' = >°72a;L7 then results in an abso-
lutely summable AR(c0) representation of {y;}.

In practice, given only a finite past, the HIT has to be truncated:

t—1
9+ (L)ye = g(Dylgso(t) = e — Y _giyr—g, t=1,...,T.  (8)
j=1

Here, we employ the indicator function

1, t>0

0, else

Luso)(t) = {

Similarly, one may consider A, as a truncated version of h(L) and define {y;" }

as follows:

T (9)

t—1
x s
v = g he (D) o= p+ WD)z dlgsg) () = p+ Y ; 131 , t=1,.
j=0

This process is only asymptotically stationary. However, it follows from the



proof of Lemma 2 in Demetrescu et al. (2008) that

v =y =0, (%) : (10)

That’s why we focus on {y;} from Assumption 1 for the rest of the exposition.

3 (Functional) Central limit theorem

We now turn to large sample properties of the sample mean of HWP. We obtain
the behaviour of the variance of cumulated HWP, which is used to establish a

functional central limit theorem [FCLT].

Proposition 2. Let us maintain Assumption 1, where {&;} is a martingale
difference sequence with F () = 02 and E (|&|P) < oo for some p > 2. It is
further assumed to be either strictly stationary and ergodic or to satisfy Abadir,
Distaso, Giraitis, and Koul (2014, Ass. 2.1). It then holds as T — oo

a) that
Var <ZtT:1 yt)
T In®T

— 27 f,(0),

b) and that
rTle,
% = /21 f.(0) W (r),

where W 1s a standard Wiener process, 0 <r < 1.

Proof. See Appendix.

Our proof of Proposition 2 b) relies on Abadir et al. (2014). Hence, we main-
tain their assumptions. Note that Abadir et al. (2014, Ass. 2.1) allow for
conditional heteroskedasticity meeting certain requirements with respect to
conditional moments, see also the discussion in Abadir et al. (2014, Sect. 4.1).

For r = 1, we have the following central limit theorem for j = T~} Zthl Yt,

G—p) _ Sia—m b
vT T S mT 2 N(0, 27 £,(0)) .

9




Although Var(y) converges to zero with T, it does so more slowly than in
the standard case of absolutely summable processes like {z;} characterized in
Assumption 1. Still, it is remarkable that the limiting process in b) is standard:
a Wiener process with independent increments. This contrasts again the case
of FI, where the limiting process is a so-called fractional Brownian motion with
dependent increments, see Abadir et al. (2014, Coro. 4.1). This reflects that
the HWP displays a weaker form of long memory than FI.

To close this section, we briefly turn to the issue of finite sample efficiency
of §. Let 1 denote the generalized least squares |GLS| estimator of p under
Assumption 1, i.e. the best linear unbiased estimator. We now consider an
example to quantify potential efficiency gains beyond 3. Assume x; = ¢, with
known o2, such that {y;} is harmonically weighted noise. With 1 denoting a

T vector of ones, we have

Var(y) 1'Q1-1'Q-11’

Var (1) T2
Yy

where Q contains w; ; 1, = 7, (h) /0 with v, (h) being from Remark 1. In Figure
2 we evaluate Var(p)/Var(y) for T ranging from 50 up to 2000. It is obvious
that the efficiency gains of 1 relative to 7 are very small in larger samples. The
estimation of y is inevitably plagued by the strong persistence or long memory

of HWP resulting in the slow rate of convergence observed in Proposition 2.

4 HWP versus FI

Now, we turn to the discrimination between HWP and FI. Both features are

embedded in the harmonically weighted fractionally integrated [HWFT| process

{5t}7
& =p+h(L)1 - L) %, tGZ,0§d<%, (11)

where {x;} is from Assumption 1. The HW process {y;} is a special case of
(11) for d = 0. Tt follows for the spectrum of {&;} along the lines of the proof
of Proposition 1 that

fe(\) = [m? (2 sin g) T (w ; A)Ql (4Sm2 %) - fz(0), A>0,
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Figure 2: Var(z)/Var(y) for T' = 50, ..., 2000

and fe(A) ~ In®> (\) A729£,(0) as A — 0. Model (11) is a special case of the
more general case considered in Robinson (2014, eq. (2)), in that In* ) is a
particular parameterization of a slowly varying function. How do HW and FT

interact statistically?

We first consider the LM test for d suggested by Robinson (1991), which is
efficient against fractional alternatives, see Robinson (1994). Following Robin-
son (1994), we assume fractional integration of type II and difference the data
under Hy: d = dy, ie. &g := APE. For & ~ I(dy + 6) this means that
§.a ~ 1(0). With the auxiliary variable & ; := hy (L)§—1.40 = 35— §—jald

the test statistic of the LM test in the time domain becomes

v = — 7= Z §eabicrig, 0 =17 Z §i.ds
mo* VT = =2

see also Tanaka (1999). Under the null hypothesis one has & 4 ~ 1(0), or Hy:
6 = 0. From Robinson (1994, Thm. 2) it follows that the test has power
against local fractional alternatives in a Pitman sense. Although the HWP is
not [(f) with 6 > 0, it violates the null 7(0) since it displays long memory.
Hence, (11) violates the null although the fractional alternative is not true.

We now investigate the power under local harmonically weighted processes.

11



More specifically, we consider the following local type 1T model:
Alg =+ T hy(L)e;, 0<r<05. (12)

Then we have the following result.

2
n

independent of the iid process {e;} with variance o and with finite fourth
moments. It then holds under (12) that

Proposition 3. Let {n;} be an iid process with zero mean and variance o

N(0,1) if k> 0.25
tom <ia—§ ,1> if K =0.25
if Kk < 0.25

as T — oo, where ((-) is Riemann’s zeta function.
Proof. See Appendix.

Hence, if the HW component is downweighted by 7%2°, the test has still non-
negligible power, and it even rejects with probability one if the local HW
component is stronger. On the one hand, this is good news: The LM test
designed against fractional alternatives has power against the weaker form of
long memory of a HW process, too. On the other hand, this calls for attention:
A (one-sided) rejection of d = dy or § = 0 is typically interpreted as d > dy
or § > 0, which is a wrong conclusion under (12), i.e. a HW component will

appear as FI(6).

Second, we turn to the estimation of d when an FI process is perturbed by HW,
where we maintain again model (11). Can one estimate d without systematic
bias notwithstanding the additional long memory due to HW? The answer will

be yes (asymptotically) and no (for samples even of size T' = 10°).

Robinson (2014) proved that the widely used log-periodogram regression [LPR]
studied by Geweke and Porter-Hudak (1983), Robinson (1995) and Hurvich,
Deo, and Brodsky (1998) provides a consistent estimator for d under (11).
Using the notation by Robinson (2014), the estimator becomes

21V 111(15()\ )

drpr = — . v =1n(j) —In(m!)/m,
2 Z] 1 ] ’

12



where ¢ is the periodogram of &, \; = 2mj/T. With U; = In(lg(\;)/ fe(N)))

it follows that ELPR is made up by three terms:

C/Z\LPR =
m 2
25 eV

1 m
~ d+bm,T)+o0,(1) 5 d asE+T—>0.

The first terms equals approximately d since In(4 sin? %) ~ 2(In(j)+In(27/T));
the third one depending on Uj is 0,(1) by Robinson (2014, Ass. 1); and the

middle term is the approximate bias,

m 2

it {1112 (2sin3) + (=2 ]

b(m,T) := —— — :
235V

(13)

which vanishes asymptotically by Robinson (2014, eq. (30)). In Figure 3 we
evaluate this bias term for growing 7 with m = |T%%]. Even for T' = 10*,
the value is above 0.25, and for T' = 10° one has b(|T%% |, T) = 0.222. What
is more, we will observe in the next section that b(m,T") does a very good job
in explaining the bias quantified by means of computer experiments (also for
more efficient estimators). Hence, a reliable estimation of d seems to be out

of reach for realistic sample sizes.

5 Monte Carlo results

All computer experiments below were executed with MATLAB. The results

rely on 10* replications.

5.1 Central limit theorem

In this subsection we turn to Proposition 2. As true data generating process
[DGP| we consider the case p =0, i.e. y, = h(L)zy, t = 1,2,...,T. In order
to simulate a sample from a stationary type I HW process of length T, we
generated T+ 5000 observations from the type II model (9) and discarded the

13
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Figure 3: b(m,T) for T € {200,400, ...,1000,...,10000} with m = [T

first 5000 observations. With the so-called long-run variance w? = 27 f,(0), we

define the infeasible test statistic

_ YTy

C InTw,’

To :

which is compared in absolute value with zy975 = 1.96 for a two-sided test
at nominal 5% level. 77 and 75 are the corresponding test statistics with w?
replaced by a consistent estimator. The estimator is computed from g, (L)y;.
For 7T, the estimation builds on a Bartlett kernel with data-driven bandwidth
according to Andrews (1991, eq. (5.3)), while the estimation behind 75 re-
lies on the quadratic spectral kernel advocated by Andrews (1991) with the
deterministic bandwidth choice |4(7/100)Y/4].

In 5 sets of experiments, the input sequence {z;} = {¢;} is free of serial cor-
relation. We consider the case of a standard normal distribution A/ (0,1) and
of a t distribution ¢(3) with 3 degrees of freedom. Further, AL;, i = 1,2, rep-
resents two asymmetric Laplace distributions with the following distribution

14



Table 1: Empirical size testing for true p = 0 at a = 5%
| N(0,1) t(33) ALy ALy GARCH| AR(1) MA(9)
T =250

To| 5.05 488 513 514 5.25 5.23 491
Ti| 5.64 5.75  6.04 6.05 5.83 8.60 10.39
To|  5.70 5.89  6.04 589 2.57 8.35 13.71
T = 500
To| 4.98 4.66 452 482 4.62 4.79 4.92
Ti| 5.35 4.87 522 540 5.08 6.87 8.80
To|  5.25 4.84 506 5.28 5.02 7.11 13.17
T = 1000
To| 4.64 4.67 432 479 4.76 4.40 4.50
Ti| 4.86 4.84 475 516 4.98 6.10 6.76
To|  4.82 4.73 476 523 4.89 5.91 9.01

Note: Ty is the infeasible statistic computed from y; = h(L)x¢, T3 and T
rely on estimates described in the text. x; is either free of serial correlation
or serially correlated; for a description of the columns see the text.

function
72 A
—Texp(2(x—m forz <m
F(z;m,\,7)=1{ "7 lp(T( )) -

l—qgzexp(=AT(x—m)) forxz>m
Forizlandi:2,wechosem1:%, )\1:1,71:2andm2:—%, Ay =1,
Ty = %, respectively. The expected values are 0 in both cases, and the skewness

126 126 .

coeflicients amount to —

/T and mn 1.8, respectively. Further, we
consider stationary GARCH(1,1) innovations with (using standard notation)
ag = 0.05, g = 0.10 and ; = 0.85 where the underlying shocks are iid and
distributed according to a standard Gaussian law. The corresponding kurtosis
is 3.77. Finally, we allow {x;} to be serially correlated; first as AR(1) with
zy = 0.524_1 + &, & is iid N(0,1), and second as MA(9): x; =&, + 0.9¢,_1 +
o4 (1 —9%10)e19.

Table 1 contains the rejection rates for different sample sizes. Under all cir-
cumstances where {z;} = {&;}, no notable size distortions show up. For the
mildly persistent AR(1) case, mild distortions are observed when w, has to
be estimated from small samples; in the slightly more persistent MA(9) case,
the distortions are slightly stronger. All in all, we find that Proposition 2 pro-

vides a reliable guideline for finite sample inference under a variety of realistic

15



distributional and dynamic assumptions.

5.2 Discrimination between I(d) and HW

In this subsection, we have the model (11) in mind and focus without loss of
generality on d = 0. More specifically, we maintain (12) while fixing x = 0:
Y = hy(L)e;. Hence, the DGP is now of type II, which is conformable with
the assumption in Robinson (1994).

To begin with, we turn to Proposition 3 and quantify the effect of the presence
of a HW component on tests for FI in finite samples. To mimic a realistic prac-
tical strategy, we allow for additional short memory employing the augmented
LM [ALM] test by Demetrescu, Kuzin, and Hassler (2008). This version of the
test is executed by regressing §; 4 on the auxiliary regressor & ; ; and k endoge-
nous lags, &—;4, j = 1,..., k. The (absolute) value of the t statistic testing for
insignificance of §; ;| ; is compared with the standard normal. Following the
recommendation by Demetrescu et al. (2008), we choose k = |4(T/100)'/4].
Note that a data driven lag selection e.g. with information criteria cannot be
advised due a devastating post model selection effect, see Demetrescu, Hassler,
and Kuzin (2011) for a quantification. In Table 2 we report rejection frequen-
cies at nominal 5% level for a selection of T' between 200 and 10%. Trivially,
the one-sided test rejects more often than the two-sided version. The rejection
rates grow with 7". This can be read as increasing power when having the null
hypothesis in mind, Hy: y; ~ I(0), which is violated under HW. At the same
time a word of warning is due. A one-sided rejection of d = dy, must not be
hastily interpreted as evidence in favour d > dj, since it may as well result

from the presence of HW.

Table 2: ALM test at nominal size 5%

T 200 400 600 800 1000 2000 5000 10000
one-sided | 20.77 31.26 37.36 47.71 49.02 72.09 93.43 99.22
two-sided | 14.23 22.36 27.34 36.88 37.87 61.90 88.71 98.30

Note: Frequency of rejections testing for true d = 0 from HW noise, yy = h4(L)e;

Next, we relate to the bias approximation when estimating d, see (13). For

Figure 4, we estimated the order of integration by means of the LPR and by
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Figure 4: Box plots of estimates of d = 0; the true process is y, = h(L)eg;

means of the more efficient exact local Whittle [ELW] estimator dpzy proposed
by Shimotsu and Phillips (2005) and Shimotsu (2010) with bandwidth m =
| T%55]. The true DGP is now again of type I as in the previous subsection:
Yy = h(L)e;. Asymptotically, the estimates should concentrate around the true
d = 0. In finite samples, however, things are quite different. In Figure 4 we
present Box plots of the estimates. For 7" = 100, the median is well above
0.4, for T'= 1000, the median is roughly 0.33, which well corresponds to the
approximating values in Figure 3. Figure 5 presents experimental evidence
that also for 7= 10" the mean and median closely relate to b(m, 10*). What
is more, out of 10* experiments, all estimates behind Figure 5 are larger than
the true value d = 0. This means for realistic sample sizes in practice that a

fractional specification will be mislead for sure under HW.

6 Empirical example: U.S. inflation
Granger (1980) argued that the aggregation of individual (price) series may

result in an index that is fractionally integrated. Consequently, Granger and

Joyeux (1980) studied as an empirical example for fractional integration the
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Figure 5: See Figure 4

monthly U.S. index of consumer food prices. More systematically, Geweke
and Porter-Hudak (1983) applied fractional integration to different U.S. price
indices. Their work triggered independent studies on long memory in inflation
by Delgado and Robinson (1994), Hassler and Wolters (1995) and Baillie,
Chung, and Tieslau (1996). Long memory in inflation is sometimes considered

as a stylized fact supported by abundant evidence over the last decades.

Let P, stand for the seasonally adjusted monthly consumer price index from
December 1969 until August 2017, more precisely: Consumer Price Index for
all urban consumers (all items), retrieved from the Federal Reserve Bank of
St. Louis. The inflation series is computed as m, = 100(FP, — P,_1)/P_1,
t =1,...,T = 572, see the northwestern graph in Figure 6. The sample
autocorrelogram in the northeastern graph is indicative of long memory with
pr(h) > 0.3 up to h = 20. At the same time, p,(1) is clearly less than 1, so
that we can rule out a unit root (d = 1). The estimated differencing parameter
is d = 0.43 when estimated by exact local Whittle |[ELW]| with bandwidth
| 7°%| = 61. This value was used to fractionally difference the series, and

alternatively we use the harmonic inverse transformation, HIT:

dif,:=(1—L)%Lm and hit, = g (L)m,.
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Next, the sample autocorrelations of dif; and hit; are computed; they are
plotted in the lower graphs of Figure 6 (right and left, respectively). The
resulting sample autocorrelograms appear very similar by visual inspection.
This suggests that the harmonically weighted model captures the long-range
dependence of U.S. inflation just as well as fractional integration. To support

this claim we compute the Box-Pierce statistics,

25 25
Quir(25) =T (Pais(h))* =69.74 and  Quu(25) =T Y (Phar(h))* = T0.11.
h=1 h=1

Clearly, these values are significantly different from zero at any reasonable
level: We do not claim that fractional differencing or harmonic inverse trans-
formation turn U.S. inflation into white noise. But Qg;r(25) and @ (25)
are both approximately equal to 70, suggesting that the model of harmonic
weighting does as good a job in capturing the inflation persistence as the more
popular model of fractional integration. At the same time, the HW model is
radically more simple, it does not require to choose an estimator of d, and it
does not require to pick a bandwidth m. Further, note that the semiparametric
estimation of d is plagued by large variances. For ELW one obtains as approx-
imate confidence interval at 95% level [(ji 1.96/15.62] = [0.3045, 0.5555].

7 Concluding remarks

From Proposition 1 we learn that HW processes are strongly persistent and
display long memory in the sense that the moving average coefficients and the
autocovariances are not summable. Still, by (5) the strength of persistence and
the length of memory are of a different, weaker quality than with the traditional
model of fractional integration. One might be tempted to introduce a new
category of “weak long memory” or “intermediate memory” to characterize
HW. We think there is no need to do so, since Proposition 2 helps to clarify
what distinguishes HW from FI. Remember the concept of summability by
Berenguer-Rico and Gonzalo (2014). Let L(x) be slowly varying at infinity in
Karamata’s sense, L(cz)/L(z) — 1 as x — oo for all ¢ > 0. Then, according

to Berenguer-Rico and Gonzalo (2014), a process {{;} is summable of order 0,
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Figure 6: U.S. inflation

if 0 is the minimum number such that

T
T &= 0,1, (1)
Since 1/InT is slowly varying at infinity, Proposition 2 implies that the HWP
{y:} is summable of order § = 0. Once more, this contrasts the long memory
FI case: If d > 0, then the FI process is summable of order d, see Berenguer-
Rico and Gonzalo (2014, Prop. 1). In that sense, the HWP fills a gap between
short memory processes as characterized in Assumption 1 and FI processes
from Assumption 2. The process {x;} from Assumption 1 has short memory
and is summable of order 0, and the process {z;} from Assumption 2 with d > 0
has long memory and is summable of order d; the HWP {y,} is in-between: it

has long memory but is summable of order 0.

The question whether it is possible to discriminate between the different rates
of memory of HW and FT processes comes up naturally. From Proposition
3 we learn the following for a process {{;}. Assume that the hypothetical
order of integration dy equals the true one, and is removed from the data:
Adg,. Tf these differences are tested for short memory, 1(0), then the widely
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used LM test will reject with high probability in the presence of HW, which
is supported by Monte Carlo evidence. Upon rejection, one would thus like to
unveil the nature of the remaining memory, i.e. to know whether {&,;} is FT with
d=dy+0,0 >0, or whether it is a harmonically weighted FI(dy) process, see
(11). When applying the log-periodogram regression to A%¢;, we know from
Robinson (2014) that the estimator of the order of integration will converge
to the true value of zero, asymptotically, notwithstanding the fact that A%¢,
displays long memory under HW. However, the bias approximation (13) shows
that this convergences is incredibly slow. Even with 7' = 10° observations the
estimation will be misleading. This is supported by Monte Carlo evidence,
and for the so-called exact local Whittle estimator, too. Hence, in practice we

see little chances to disentangle HW and FI.

FT processes offer an overwhelming flexibility in modelling persistence and long
memory. This is a virtue and a burden at the same time: on the one hand, there
is a continuity of long memory depending on the order of integration d, but on
the other hand the estimation of d is notoriously difficult and troubled by large
variances of slowly converging semiparametric estimators. With U.S. inflation
data we illustrate that a HW process may be just as able to capture persistence
as the more involved FI model. The admitted simplicity and rigidity of the HW
model, which does not allow - or require - to choose a memory parameter, may
turn out to be a practical advantage in applied work, and empirical researchers
may prefer the HW model without having to choose an estimator of d, which
typically is plagued by the need of further decisions like picking a bandwidth.
Of course, we need more empirical evidence to learn whether and for what
values of d and in which fields of application HW may be a serious competitor
to FL.

There are further open issues. First, one may wish to step beyond the univari-
ate model and consider a multivariate framework where harmonically weighted
vector autoregressive processes are allowed for. Second, one may account for
nonstationarity and allow for processes where integer differencing is required
to obtain harmonically weighted processes. Third, the harmonically weighted
model may serve as a general forecasting device under long memory when the
true data generating process is not known and might be fractionally integrated

or spurious long memory. These issues are currently under investigation but
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beyond the scope of the present paper.

Appendix

Preliminary Results

Our proofs of Proposition 1 and 2 rely on what is sometimes called the Stolz-
Cesaro Theorem. For the ease of reference, we give the result here, adopting
the version by Muregan (2009, Thm. 1.22).

Stolz-Cesaro Theorem Let {s,} and {o,} be real sequences, n € N,
where {o,} s strictly monotone and divergent. If (Spy1 — Sn)/(Ons1 — 0n)

converges, then s,y1/0n41 converges, too, and has the same limit:

If lim 7% g yhen lim S =, (15)

n—o0 O'n+1 — Op n—00 Un+1
The proof by Muregan (2009) also covers the case ¢ = +oo. For a historical
exposition on this result we also recommend Knopp (1951, pp. 76, 77).

The proof of Proposition 2 requires a technical lemma that we provide next.

Lemma A. It holds that

Zw:§1n2T—T1nT+O(T).

T T
h
h=1

Proof. We define the function f (z) = W with kth derivative f*). In
order to evaluate Y,_, f(h), we use Euler’s summation formula taken from
Knopp (1951, p. 524):

S 1) = [ fa)det 5 @)+ F0) + 35 (7O0) = 7OW) + R, (19
where

RI< 5 [ 119 @) do.
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For the third derivative we obtain in absolute value that

3) 11T 6T'lnx 2 11T 6TIlnx 2
‘f <I>‘ I I ™ = xt xt 23
It is elementary to verify that
/ f(z ——TlnT T'InT+T-1,

f()=f(T)=0, fOT) - fO(1) = -WT/r — (T — 1), and that

T 13 16 InT
dz <1 T— — —2——
/1 [f? ()] de +3 3772 T2

Hence,

T
> f(h) ——TlnT TnT +O(T),

h=1

which proves the result. W

Proof of Proposition 1

The stationarity and the expectation follow from Fuller (1996, Thm. 2.2.3)
since b; = 37 e/ (j+1—F) is given by convolution of an absolutely summable

and a square summable filter.

a) Let us decompose jb; =73 i ncr/(G+1—k) + 35> ipmen/(G+1—Fk).
We consider the second sum first:

. |kl
j ZjJrcl—’“_ngQk#< 3" 2kl - 0.

k>j/2 k>35/2 k>35/2

Second, we study the difference of the first sum and Zkgj/z Ch:

)SPTETE SN R CII o i
k<j/2 k’<3/2]+ k<j/2 j+1 j+1 k=2 JH1—k
J/2
< + — 0.
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Consequently, j Zkgj/z c/(J+1—Fk)—= > 2, for j — oo, as required.
b) For A > 0 we have

n(1— e
F) = P 00, he) = )

where |h(ei’\)‘2 =1In(1 — *)In(1 — e™™). Note that

In(1 — ) = In(r(\) ™) = In(r(\)) +i0(\)

with
A
A) =1/(1 —cosA)2+sin® A = /4 sin® =
r(\) \/( cos )2 + sin sin” o,
and -
H(A):arctan%, A>0.

With In(1 — e™) = In(r(\)) — i0(A\) we obtain

|h(6i)\)}2 = In%(r()\)) + 6%(\) = In? (2 sin g) + arctan? T cos\ inéo)\s)\ .

Further, focusing on the principal value,

sin A T
arctan ———— = arctan cot 5=5 "

A
1 —cos\ 2’

where we used the usual double-angle formulae and tan(w/2 — z) = cot z for

the last two equations, respectively. Hence, we have at the origin that

(™)

2 — 1 asA—0.
n

This implies the spectral results as required.

c) We write b; as

where B; was defined implicitly. From part a) we have that B; — ¢(1). Now,

jﬁﬁiﬂ. It holds by part a) that

define s; — s;_1 = bjbj1y, and 0; — 01 =
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(s; —sj-1)/(cj — 0j_1) = B;Bjin, — (c(1))?. Therefore, by (15) we have

Doicobibien oy (h)/o?

2
1 1 R = (c(1))7,
ZJ':O JHLj+htl % Zj:l%

where the first equality is by (4). This means that

I

B ~ 2L (0) 2

Hence, the proof is complete.

Proof of Proposition 2

a) Define sy = g;ll (I'— h) vy, (h) and o7y = ;{;11 (T — h) b with
st —sr2 sy Yy (h)
0or—1 — 07-2 ;{:—11 %

By Proposition 1 ¢), we have v, (T"— 1) ~ 27 f, (0) % Using (15) it hence
follows that
Sr1 812, o f, (0) .

Or—1 —01-2

Again by (15), this time applied to sy_; and or_1, we conclude that

P (T = h) 7y, ()
o1 (T — h)lnk

— 27 f, (0) .

We may expand the left-hand side,

b (T =h)yy (h) S (T—h)y,(h)  3TI’T

_ n 2 — nh’
pt (T — D)8 T’ T T1(p — )k

where the second factor on the right-hand side converges to 1 by Lemma A,

such that -
h=1 (T'—h)~y, (h)
ITI®T

— 27 f, (0) .
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Consequently,

Var (ZL yt> _w(0) 2300 (T = h) v, (h)

= — 27 f, (0),
TIT 2T TWT mfa (0)
as required.
b) Define Sy (r) = tL;TlJ (y¢ — ) and 0% = Var (St (1)). Then we first es-

tablish the convergence of the finite dimensional distributions of o' Sy (1) for
0 <r < 1. To do so we first observe that

Var (fo (ye — u)) T (rT) (1 +
Var (SLyw—w) T

For. brevity define a, 1 = S0 by, with by, from (3). With S; = 327_ 4 =
> ai_1e; we easily see for j > k that Cov (S}, S;) = Var (Sy), since

J k

J J
2 2 2 2 2 2
Var (S; — Sk) = Var ( E at_let) =0 E a,_, =0 a4 —0; E a;_q.
1

t=k+1 t=k+1 t= t=1

Therefore, following the same steps as in the proof of Proposition 3.1 in Abadir

et al. (2014), we may conclude that

ST (T)

w ),
or

where 7% denotes the finite dimensional convergence of distributions. To com-
plete the proof we need to show that Sg—;r) is tight with respect to the uniform

metric, where we require E (|&;|?) < oo for some p > 2. Note that with some

positive constant ¢

E SI(;O”) . SY(;(S) p < E(SZ(T) B SZ(S)>2]2
lrT|—|sT| 29 2
= c|Efor Z (e — 1)
[T = [T WP (1rT) = [sT]) 1+ 0 (1)]?
T (T) 1+ o(D)
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ya
2

. rT] [T
T T

where the first inequality follows from Abadir et al. (2014, Lemma 3.1). By
Billingsley (1968, Thm. 15.5), the last inequality shows that ST(T is tight with

respect to the uniform metric. Hence, the proof is complete.

Proof of Proposition 3

Our proof of Proposition 3 builds on a technical lemma that we establish first.

Lemma B. Let y; = hy (L)e; and y;_; := hy(L)y,—1. For {&;} being #id(0, 0?)
with finite fourth moments, it holds that

T
1 .
=52 i 202((3)
t=2
as T — 0.

Proof. First, we determine an expression for the moving average coefficients

of y; ;. To that end, rewrite

t—1
€k % Yj
Yi = Z and y;_, = )
el A puri i
such that
t—1 J 1
y:—l = Z - ; Ek
Hee =)0 —k+1)
t—1 t—1

Hence, the coefficients are

t—1 t—1
(

gt

= (t—j) j—k+1) =
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t—1 t—1
B t—k+1(z;] k+1+§t j)

1 — k)
- t—k+1z__ t—k+1

where H (j) = >°7_, + denotes the j harmonic number.

Second, we derive the limit of E(Sr). To that end, consider

t—1 H(t -

E ytyt 1 :20 = Z

=1 (t—k+1)7° + 1 =
Next, note that
— Hk) i k:+1 —
S =
k=1 <k + 1) k=1 k=1
t t
- Z k Z 13
k=1

— 2((3) — C(3), ast—>oo7

where the second limit follows by definition, and the first limit is taken from
Borwein and Borwein (1995, p. 1195), who attribute this result (and a general-
ization thereof) to Euler: 3 %, HJ(J) (1+2)¢(n+1)-330 3¢ (k+1)¢(n—k)
for n = 2,3,.... We thus have E (y,y; ) — 202((3), which implies that

E (S7) — 202((3).

Third, we are left with the second moment: E (S3) = 723", ST E (yoyr_ 1571 ).
We proceed by analyzing

E (yty:—lysy:—l) - Z Z Z Z i <t — j) ( m) E (€k€j€l€m)

k=1 j= 1l1m1 —Jj+ )t -k+1)(s=1+1)(s=m+1)

)
_ - 4H(t—J) (s —m)
B ZZZZ (T Dk D611 (s—ma1) " (eeen)

kljlllml

AH (¢ — §) H (s —m)
+ Z Z ZZ t-j—}-l t_k+1)(8—l+1)(s—m—|—1)E<€k€j€l€m)

k=s+1j=s+1 I= =1
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s s s—1

~—

AH(t—j)H (s—m
*ZZZZ YE—kt1)(s—it1

k= 1] s+1 1=1 m= 1

_

(s —m+1)

N I AH (t—§)H (s—m
+ZZZZ JE—kt1)(s—i+1

k=s+1 j= 1l1m1

~—

(s —m+1)

E (ekejeiem)

E (ekejeiem)

- AH (t — ) H (s —m)
= ZZZZ t-]—f—l t—k}—l— )(S-l—f-l)(s—m—{—l)E<€k€j6[€m)

kljlllml

S S—

A4H (t —j) H (s —m)

1
k=s+1 j=s+1 I=1 m=1
= Si(t,s)+ S (t,s), say.

To simplify the summations we consider first the case when ¢ > s. For S (¢, s)

we have

Sl (t, S)

s s s s—1 4H(t_])H(S—m)

;;z: Z:lt—]+1 t—k+1)(s—l_|_1)(8_m+1)E(8k€j6zsm)
s—1 4H (t — k)H( k) E(54)

el (e k+1>2(5—k+1) k

+Zl AH (t — s) H (s — m)
e(t=s+1)(t—s+1)(s—m+1)(s—m+1)
s—1

)
4H (t —m) H (s —m)
+Z t—m+1)(t—s+1)(s—s+1)(s—m+1)

s—1

4H (t — s) H (s —m)
+Z t—s+1)(t—m+1)(s—s+1)(s—m+1)

s—1 s—1

4H (t —j) H (s — k) , ,
+;j:§¢k<t_j+1)(t_k+1)(3—j+1)(s—k+1)E(a’f)E(Ej)
AH (t — ) H (s — ) o
+;J;¢k (t—j+1)( t—/{:+1)(5—k—|—1)(5_]’_|_1)E(gj)E(gk)

VLB ) oy
+Z Z t—k—f-l QE(gk)E(gl)

kllll;ékr (s—1+1)
8171 (t S) + 5172 (t, 8) -+ Sl’g (t, S) + 31,4 (t, S) + 5175 (t, S) + 51,6 (t, S)
+S1,7 (ta 8) J

E (em&s€sem)
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where the first counts £k = j = [ = m, the second term counts k = j = s #
[ = m, the third term counts k = | = s # j = m, the fourth term counts
j =1=s # k = m, the fifth term counts k = m # j = [, the sixth term
counts k = [ # j = m and the last term counts k = j # [ = m. We begin with
S1a(t,s):

EY Y Sul) - Y3 S AERIE D gy
: TLZZ f /it+_1]>€)<sH —(81«1%2 ()
- % é g til (fftk_f)) (sH —(21?)2
< BRER T

where 1, = E (¢}). Now, as 31, @ O (log® T) and as S S (i(zjrlf))g =
O (T') we have that

Tié i ~0 <IH;T) . (17)

Next, we look at S19 (¢, s):

t=s+1 s=2 t=

1 - — 4t K H(t—s)H(s—m)
ITQ;ZSLQ@’S) B TQZZHT”1(zf—5>‘+1)2(s—m—|—1)2
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Hence,
T T 1
Ly Z (T) (18)
s=2
For S; 3 we have
T T 4o
LYY St = ¥

Here noting that

—m) H (s—m)
t—m—l—l Jt—s+1)(s—m+1)

s=2 t=s+ 1m:1

S 1 1 i 1 Gt |
= (t—=m+1)(s—m+1)  t—s fes—m+1l ~it-m+l
1 1
< 7
- t—s m

and as H (s —m) < H (t —m) < ClnT, we obtain

Therefore,

L XT: ET: Sis(t,s) =0 <IH;T) . (19)

For S; 4 (t,s) we have

r T T T s-1
1 4ot H(t—s)H(s—m)
i S t — 3
T2§t§1 1 (£:9) T2 ;t:g;l;(t—s+1)(t—m+1)(s—m+1)
4T T s-1 B B
< FY Y Y e,
s=2 t=s+1 :1(t_8+1)(8_m+1)

4t K E H () H(m)
N ;Hml (t+1)(m+1)*

Using >0 (Z(m) — ((3) and as —— . I;IT(? = O (1), we have that

% i i Sya(t,s) = O <ID;T) . (20)



We now turn to S5 (,s):

T T T T s—1 s—1 .
1 4o H(t—j)H (s —k)
2 2 Sslts) = m > D ) ) g -
25:2t:s+1 T 5=2 t=s+1 k=1 j= #k t—j+1)(t—k+1)(s—j+1)(s—k+1)
10! 5~ o 5 H(t—j)H (s — k)
< EZZZZ
T s=2 t=s+1 k=1 j=1 t_j+1 t_k"‘l)(S_J"' )(3_k+1)
s 5:2t:s+1k:1(t_k+ S_k+1 ]:1 t_]‘i‘ (s—j+1)
Here, note that H (s — k) < CInT and H (t —j) < C'lnT and
s—1 s—1 s—1
1 1 1 InT
> (S Sy e
— (t—k+1)( S—k’+1) t—s\&=s—k+1 Ht—k+1 t—s

for a generic constant C', such that
T T ompm T T 9
1 In*T 1 In*T
=33 s I S G WD
Si6 (t,s) is the same as S; 5 (¢, s):

r 2
7 Y swls) =0 (M5 ). )
s=2t 1

T

=s

Jr

Further, we have

T T T T s—1 s—1
1 ol AH (t— k) H (s — 1)
SO Sielts) € XSS 2
7= §=2 t=s+1 T por W ol Ul k+1) (s—=1+1)
CanT T T s—1s-1 1
<
r gt_;l;;(t—kﬂf(s—un?
Cln2T <~ <~ 4 1 s—1 1
T* ;t:g;l;(t_k_i_l)zl T (s—1+1)
s—1




as Z - 5 < % Noting that

T41 T+1
/ / / _dsdtdk _y or o4 m i L
s=2 Ji=s4+1 J k=1 t—k‘—l— 12 3

we obtain

%XT; XT: Siz(t,s)=0 <IH;T) . (23)

=s+1
Using (17)-(23) and noting that all the terms with s > ¢ behave similarly to
those with s <t lead to

%ii& (ts) = O (hl;T). (24)

Now, we turn to 7 ST, Z’:qu Sy (t,s) and note that

- AH (t — §) H (s — m)
S0 = Y Y ZZ B (cxse16m)
ks+ly s+1 1=1 m=1 t—d+)t—k+1)(s=1+1)(s—m+1)
- s—1
_ 4Ht—] H(s—m)
B Sh L= LI

j=s+1m= 1

Hence, we need to analyze

T T T T -1 s—1 ‘
4o H(t—j)H (s—m)
p— Sg<t78) = < 3 3
ngzzﬂ T* ;tzl §1m1 —Jj+1)7(s—m+1)
40’? T T t—s s—1 )
) Z Z Z 1)2
s=2 t=s+1 j=1 m= 1
Yy y s A
T* s:2t:3j1m1]+1 m—l—l)
1 2
Because of ) ° _, mﬁ))g —¢(3) =0 (L), we have that

iz Z Z Sy (t,s) = % (202¢ (3))2 +0 <¥) ,



which in turn implies that

%;Z ~ (20%¢ (3 >>2+0(¥)- (25)

t=2

Using (24) and (25) we hence have that Var (Sy) = O <1“;T>, and the proof

of Lemma B is complete. W

Equipped with Lemma B, the proof of Proposition 3 is straightforward. With
n;_1 = hy(L)n;—1 consider

T
1 . Y —~ Y
Nis E §rabi—1,4 = E :W?t 1t E :771? et F T;al
t=2

(26)
The first term on the right-hand side converges to N (0,7%0,/6) since nn;_,

forms a martingale difference sequence [mds|, see Robinson (1991); the second
term converges to zero as long as k > 0, since 7y, forms a mds, too. Along
the lines of proof of Lemma B it follows that Var (Zthz ymt*_l) =O(T n*T);

in fact, one can establish as sharp rate that Var (Zthz ymf_1> = O(T). In

any case, it follows that

T

1
— &n* 20

\/T — TH t—1

as long as k > 0. The behaviour of the fourth term on the right-hand side of
(26) is obvious from Lemma B. Since 52 % o7, the proof of Proposition 3 is

complete.

References

Abadir, K. M., W. Distaso, L. Giraitis, and H. L. Koul (2014). Asymptotic
Normality For Weighted Sums Of Linear Processes. Econometric Theory 30,
252-284.

Andrews, D. W. K. (1991). Heteroskedasticity and autocorrelation consistent

covariance matrix estimation. Fconometrica 59, 817-858.

34



Baillie, R. T., C.-F. Chung, and M. A. Tieslau (1996). Analysing inflation
by the fractionally integrated ARFIMA-GARCH model. Journal of Applied
Econometrics 11, 23-40.

Beran, J., Y. Feng, S. Ghosh, and R. Kulik (2013). Long-Memory Processes:
Probabilistic Properties and Statistical Methods. Springer.

Berenguer-Rico, V. and J. Gonzalo (2014). Summability of stochastic pro-
cesses: A generalization of integration for non-linear processes. Journal of
Econometrics 178, 331-341.

Billingsley, P. (1968). Convergence of Probability Measures. Wiley.

Blagouchine, I. V. (2016). Two series expansions for the logarithm of the
gamma function involving Stirling numbers and containing only rational
coefficients for certain arguments related to 7.

Analysis and Applications 442, 404—434.

Journal of Mathematical

Borwein, D. and J. M. Borwein (1995). On an intriguing integral and some se-
ries related to ((4). Proceedings of the American Mathematical Society 123,
1191-1198.

Breitung, J. and U. Hassler (2002). Inference on the cointegration rank in

fractionally integrated processes. Journal of Econometrics 110, 167-185.

Brillinger, D. R. (1975). Time Series: Data Analysis and Theory. Holt, Rine-
hart and Winston.

Delgado, M. A. and P. M. Robinson (1994). New methods for the analysis
of long-memory time-series: Application to spanish inflation. Journal of
Forecasting 15(2), 97-107.

Demetrescu, M., U. Hassler, and V. Kuzin (2011). Pitfalls of post-model-
selection testing: experimental quantification. Empirical Economics 40(2),
359-372.

Demetrescu, M., V. Kuzin, and U. Hassler (2008). Long Memory Testing In
The Time Domain. Econometric Theory 24(01), 176-215.

Fuller, W. A. (1996). Introduction to Statistical Time Series (2nd ed.). Wiley.

35



Geweke, J. and S. Porter-Hudak (1983). The estimation and application of long

memory time series models. Journal of Time Series Analysis 4, 221-238.

Giraitis, L., H. L. Koul, and D. Surgailis (2012). Large Sample Inference for

Long Memory Processes. Imperial College Press.

Granger, C. W. J. (1980). Long memory relationships and the aggregation of
dynamic models. Journal of Econometrics 14, 227-238.

Granger, C. W. J. and R. Joyeux (1980). An introduction to long-memory time
series models and fractional differencing. Journal of Time Series Analysis 1,
15-29.

Haldrup, N. and J. E. Vera Valdés (2017). Long memory, fractional integration,

and cross-sectional aggregation. Journal of Econometrics 199, 1-11.
Hassler, U. (2019). Time Series Analysis with Long Memory in View. Wiley.

Hassler, U. and J. Wolters (1995). Long memory in inflation rates: Interna-

tional evidence. Journal of Business ¢ Economic Statistics 13, 37—45.

Hurvich, C. M., R. Deo, and J. Brodsky (1998). The mean squared error of
Geweke and Porter-Hudak’s estimator of the memory parameter of a long-

memory time series. Journal of Time Series Analysis 19, 19-46.

Knopp, K. (1951). Theory and Application of Infinite Series (second ed.).
Blackie & Son.

Marinucci, D. and P. M. Robinson (1999). Alternative forms of fractional
Brownian motion. Journal of Statistical Planning and Inference 80, 111—
122.

Muregan, M. (2009). A Concrete Approach to Classical Analysis. Springer.
Palma, W. (2007). Long-Memory Time Series: Theory and Methods. Wiley.

Phillips, P. C. B. and V. Solo (1992). Asymptotics for linear processes. The
Annals of Statistics 20, 971-1001.

Robinson, P. M. (1991). Testing for strong serial correlation and dynamic

conditional heteroskedasticity in multiple regression. Journal of Economet-
rics 47(1), 67-84.

36



Robinson, P. M. (1994). Efficient tests of nonstationary hypotheses. Journal
of the American Statistical Association 89, 1420-1437.

Robinson, P. M. (1995). Log-periodogram regression of time series with long
range dependence. Annals of Statistics 23, 1048-1072.

Robinson, P. M. (2014). The estimation of misspecified long memory models.
Journal of Econometrics 178, 225-230.

Shimotsu, K. (2010). Exact local Whittle estimation of fractional integration

with unknown mean and trend. Econometric Theory 26, 501-540.

Shimotsu, K. and P. C. B. Phillips (2005). Exact local Whittle estimation of
fractional integration. The Annals of Statistics 33, 1890-1933.

Tanaka, K. (1999). The nonstationary fractional unit root. Econometric The-
ory 15, 549-582.

37



